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https://www.youtube.com/watch?v=OgFY5R4kATk
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http://faculty.pccu.edu.tw/~meng/2023.06.16%20帶學生參訪交大光電.mp4
http://faculty.pccu.edu.tw/~meng/2023.06.16%20敏甄.mp4
https://www.youtube.com/watch?v=G45e-H5y3R4



https://www.youtube.com/watch?v=VoGqQgvfnMo

Chapter 1 The First-Order Ordinary Differential Equations (ODE)
1-1 Separable Differential Equation A(x)dx=B(y)dy
Solution: JA(x)dx=|B(y)dy+C

Eg. Solve (a) y’=3x*+1, y(1)=4, (b) 6x-2y)’=0, and (c) 2-%—% = 2—;, »(0)=0.

(Sol.) (a) dy=(3x*+1)dx, y=x*+x+c, y(1)=4=> c=2, .". y=x"+x+2.

_ )
(b) 2ydy=6xdx = y*=3x"+c. Formulae:

(c) 2ydy = (1+2x)dx, y>+c=x+x2, y(0)=0= c=0, =

—+c, m#¥-1 —

ax

[ m - g [ ax - e
y2:X+X2. JA‘ f =‘ m=+1 = Je’ di=—-+c

| In M—c. m=-1

cos(ax)

fsin( ax)dx =— +c | cos(ax)dx =

Eg. Solve y’=xe*¥ with the boundary

sin(ax
(@) _,

a

condition: y=In2 at x=0. [2005 & A EHHF]

(Sol.) e¥dy=xe*dx = e¥=xe*-e*+c, y(x=0)=In2=c=3, .". e¥=xe*-e*+3.

Eg. Solve y’=y%? with y(0)=2. [2010 & KA B EEFT]

2t 2t
€

(Sol.) izdy:emdt: —_1:e_+C’ y(t=0)=2=>c=-1, .". __1:__1.
y y 2 y 2

1-2 The first-order Linear Differential Equation y’+p(x)y=q(x)

sotution: "o/ 1 p(x)y -l = g(0)of
= [y.ej p(x)dx} = q(x).eJD(X)dx N yej P(X)dx _ J‘[q (X)-ej p(X)dxj|dX+C
=y)- e {I [q ) e p(X)dx}dX ’ C} Formulae:

“nln(x

5 4 nln( =n
A8 = P e =X

Eg. Solve xp’+2y=3x".
(Sol) y'+ 2 y =3x?, p(x)=E , Ip)dx=2in(x), "W=x>=> x?y’ + 2xy = 3x*
X X

’ 5 3
= (xzy) =3x*, x2y:%+c :y(x)=%+;—2




Eg. Solve y’+y=sin(x).
(Sol) p(x)=1, Ip(x)dx=x=> y'-e* +e&* sin(x) = (e*- ) = e -sin (x),

y= e*[sin (x)2— cos(x)] e 33’(")_M

—X

e

+C-€

Eg. Solve (a) y' = 2 y+x2e* and (b) y' +3x%y = xe™* . [2013 FRAEH|
X

(Sol.) (a) y'— 2 y = x’e*, p(x)=— Z Ip(x)dx=-2In(x), "=y
X X
= x2y'=2xy=e*, [x?y]'=e*, x?y=e"+c = y=x%" +cx?

(b) y' +3x%y =xe ™, p(x)=322, [p(x)dr=x’=> ey’ +3x%e y = X, [ex3 y]'= X,

y—X—2+c:> y—(ﬁ+c)-e’xs
2 2

XS

e
Eg. Solve y’+ycot(x)=5¢™, [2013 Efi X & BFFr
(Sol.) p(x)=cot(x), [p(x)dx=In|sin(x)|, €"*"@=gin(x)=> sin(x)y +ycos(x)=5sin(x)e***™

—5e%*W +¢

= [ysin(x)]’=5sin(x)e®®® = ysin(x)=-5e°*®+¢, .*. y(x)=——
sin( x)

Eg. Solve (X* +1)y’'+ (x* + 2x+1)y = x* +1, y(0)=1. [2017 & KL B EEFT|

X% +2x+1

(Sol) y'+=—7——=y =1, Y+ )y 1, j(1+ X X+ In(x? +1)
x* +1
) ) « x?+2x+1
exp[x + In(x* +1)] = (x* +1)e*, (x* +1)e* [y + —1y:1],
X° +

(X2 +1e* -y +(X* +2x+1)-e* -y = (x> +1)e*, [(x* +De* - y]'= (x* +1)e*,

x> —2x+3-2¢e7*

(x* +1)e* -y =(x* —2x+3)e* +C,y(0)=1=C=-2, .. y = 71
X%+

1-3 Bernoulli Differential Equations y’+p(X)y=r(x)y* (It is nonlinear if a#1)

dy _dy dz_ y* dz oy dz oo e -Gy
dx dz dx 1-a dx jl—a dx+p(x) 2y =r(x)y
> & 1-a)px)-2=r(x)-(-a)

= Z(X): e_J( ~a)p(x)dx |:(1—a)Ir(x)ej(l_a)p(X)dde+C:|

= [y = g e [(1 ~a)- j r(x) el c}

Solution: Set z=y"*,



Eg. Solve y’=p(x)’-1). [2004 & K EHT]
dy dy dz _12,4/3_
“dx dz dx 3

(Sol) y'+y=xy*.Set z=y"™* =y? y=z7",
I L xz Y3, (-324/3)><[—%z“/3 24z = xR

3x

:>z'—32:—3x:[e‘3x-zI =-3x-e¥ =z :x+%+ce3X =y :x+%+ce

Eg. Solve dfj(xx) —y(x) +e2y2(x) = 0. [2015 A ERF|

=3 dy dy dz 1

Sol) y'—y=—e¥y?.Set z=y' 2=yt , y=z" 2 =—— .z
(Sol) y'—y y y y .y i dr Ak 72
—22. 77t =77 (-P)X[-22 - -7 =—e¥77?]
e2x 2x
= 7'+z =% :>[eX -zI =e¥=z= 3 +ee¥=>yt="—+ce”*
Eg. Solve xp’+y=4x*y*. [2015 Efi A EBHH]
(Sol.) y’+—y:4xy2. Set z=y"?=y*, y=z", ﬂ:y-%:—%-z'
X dx dz dx z
—iz- Z'+i = 4—2( , — 74t = 4x, 7L~ _ax , P(X)=— 1 , Ip)dx=-In(x), " =x"
z Xz z X X X

g, Z A _ 1
X2-= =4, [xz]'=—-4, x'z=-4x+C, 2=—4X" +Ccx= = = —4x" +cx
X y

729 | ye 12013 EiARE BT

dy dy dz 1 s

Eg. Solve y'+%y =

Sol)Set z=y**=y?® y=z% =2 =—=z7.7
(Sol) Y oy dx dz dx 3
_EZ*4/3 7 + 7Y (1 ZX) 74/3’ (-324/3)X[—£274/3 7 + ;Y (1 2X) 74/3]
3 3 3 3 3 3
= z"-z=2x-1, [e™ * z]'=(2x-1)e* = ™ + z=(-2x-1)e™Fc,
=2x-l+ce', .". y 3= -2x-1+c &'
dP(t)
Eg. Solve — = P(t)- (¢, —c,P(1)) . [2003 &R AER]
(Sol.) d—P—ClP =-—C,P?.Set z=P"? =P ,P=2z", — P _dP dz__,-. Z',
dt dt dz dt
22 Z-ciz'=-022, (-22)X[-22 - z'-clz'lz-czz'z]
z+ciz=cr = [e°1t : z] =c,e"=>z=-"2+De "= P(t) ' =2+De™
Cl Cl



1-4 Homogeneous & Quasi-homogeneous Differential Equations
The first-order homogeneous differential equation: y’=f{(y/x)

Solution: Set u=2 y:ux,ﬂ:u+x%:>xd—u+u = f(u):d—u:% is a
X dx dx dx fu)-u x
separable differential equation.
2
Eg. Solve Xﬂ = y—+ y.
dx X

2
(Sol.) Set u = y,y—ux dy—u+x%:>ﬂ:(lj +X:u2+u:u+x%
X dx X dx

U =X—,—=—,/M[X|[+c=-=
dx x
m|x|+c’ Mm|x|+c
Eg. Solve — = X+ y
(VJ
B 2 2
(Sl) X 1+u U+ X du:> du_l+u-u+u _1+u
(yj dx dx  1-u 1-u
X
:>(1 ujdu:— tan" ()—lfn|1+u |=¢n| x| +c
1+u? X 2

= tanl(lj—iﬁn
2

Eg. Solve (x—/xy ) y' = y. [1990 FLLIEH
(Sol) (1- \/7)dy Y Letu—y,y—ux gy_u+x%

dx (1 Ju
—

x | uJu

:>€n|x|+2\/7+£n(y) C:>£n|y|+2\/g:C
y X y

Jdu = (n|x|+C = I du I du —ju 2 du ‘nlu| = —2u 2 — (njul

(Ans.) In(|y]) = —4—yx o


https://www.youtube.com/watch?v=Ci7au2tcNis

Quasi-homogeneous differential equation:

ﬂ: ; ax+by+c
dx dx+ey+h

Case 1 ae-bd#0
aA+bB+c=0

dA+eB+h=0

a(X +A)+b(Y +b)+c
f[d (X +A)+e(Y +B)+ hJ

Solution: Let 4 and B fulfill { ,and set Xx=X+A,y=Y+B

ﬂ_d_Y_f ax+by+c
dx dX dx+ey+h
_f[aX +bY +aA+bB+c

dX +eY +dA+eB+h

dy aX +byY ) . .
=>—=f is a homogeneous equation.
dX dX +eY
Eg. Solve ﬂ — M‘ .
dx X—2

(Sol) a=2,b=1,c=-1,d=1,e=0,h=-2, ae-bd=0-1=-1#0

2A+B-1=0 A=2
= =>x=X+2,y=Y-3

A-2=0 B=-3
ﬂzd_Y=2(X+2)+(Y—3)—1=2X+Y=2+ Y yio
dx dX X X X

du y+3 2
X—+4u=u+2, u=I(cX’)=I1—=In[c(x-2

L (ex?)= X2 fc(x-2)

Case 2 ae-bd=0

Solution: Set v = ax+by _ dx+ey , yzg(v—x): ﬂzg(ﬂ_l
a d b dx bldx

dy ax+by+c a(dv av+c dv b .(av+c) .
o= | =2 —=1|=f =—=1+—f s a
dx dx+ey+h b\ dx dv+h dx a \dv+h

separable equation for v and x

Eg. Solve QZM
dx 4x+2y-4
(Sol) a=2,b=1,c=-1,d=4,e=2,h=-+4
_2X+Yy  4Ax+2y
2 4

S g (vl (88 dv:dx:ﬂ—3£n|10v—9|+c:x
dx 2\4v—-4 10v-9 5 25

" ae—-bd=0,..v

2 2
—(2X+Yy)——/¢/n|10X+5y-9|+Cc=x
5( y) el y-9|



1-5 Exact Differential Equations and Integrating Factors
M (x,y)

N (x,y)

Exact differential equation: M(x,y)dx+N(x,y)dy=0 if

O*F(xy) _ oM(xy) _ oN(xy)
oy OX

= dF = 8F((3>)((, y)-dx+ aF(a);’ y)dy =M(x, y)dx+ N(x,y)dy =0

Solution: I F(x,y) fulfills

Ty g’ Y- Ney)

Solve w =M(x,y) and
X

= F(x,y)=C is its solution.

Eg. Solve (6xy-y*)dx-+(4y+3x>-3xp*)dy=0. [2011 FIEEHH]
3 2 _ 2
(Sol) a(6xy y ) 6x—3y? a(4y+3x 3xy )

OX
6Fé>;, y) _ 6xy — y* = F(x,y)=3x2y —xy® +¢,(y)
aFg’ ) =4y +3x* —3xy? = F(x,y)=2y? +3x%y — xy® +¢,(x
= F(x,y)=2y? +3x’y —xy* +c, .. 2y? +3x’y —xy* = C

)

OX

Eg. Solve y’[sinh(3y)-2xy]=)". [2013 R EBHERRLE - £BE T4

(Sol.) y2dx+[2xy-sinh(3y)]dy=0
aly?) _ oy O(2xy—sinh(3y))

oy OX
oF (X,
éx V_yes F(x y)=xy* +c,(y)
oF (x.) = 2xy —sinh(3y) = F(x, y):xyz—W+cz(x)
:>F(x, y):Xyz_cosh(By)H: ) Xyz_cosh(?ay) _c

3 3

Eg. Solve y=(*-x)y’.
(Sol.) ydx+ (x —~ yz)dy =0

L2 kv Fxy)=[ydcre, =[xy by +c, = xy-

oy OX
3

) y
. Xxy——==C
y 3

3

y

ER



P— 3_
Eg. Solve y:#
dx 3x°y° +e’

3 2,,2 y
(Sol) (2xy® +2)dx +(3x?y? +e” )dy =0, ol +2)_ Oxy* = 5(3%)(“9)
OF (x,y) _ 2xy* +2= F(x,y) = X"y’ + 2x+c,(y)
X
oF (x,y) =3x%y* +e” = F(x,y)=x"y* +e’ +¢,(x)

F(x,y)=x2y> +2x+e’ +c, .. x?y’+2x+e’ =C

Integrating factor u(x,y): For M(x,y)dx+N(x,y)dy=0, in case

M(xy) , ON(Y) o Slulx M) G NGO hen sy is called
oy OX oy OX
the integrating factor.

Eg. Solve (y*-6xy)dx+(3xy-6x*)dy=0.
8(3xy —6x? )

2
(Sol.) aly* ~6w) =2y —6x#3y-12x =
oy ox

Choose u(x,y)=y = (y* —6xy? Jdx+(3xy? —6x?y)dy =0
6(y3 - 6xy2) _3y? 12y = 6(3xy2 - 6x2y)

oy OX
aF((;;, Y. y* —6xy* = F(x,y)=xy’ =3x*y* +cy(y)
GF((;;, Y =3xy’ —6x’y = F(x,y)=xy* —3x’y” +¢,(x). .". Xy’ =3x°y* =C

dy _ y? —6xy
3xy 6x°

Another Method: is the first-order homogeneous equation.

X
y
dy _ Y -bxy _ (x] ()Letu_lzy_u+x%

dx  3xy-6x’ j X X
3u-6
m =7 7-.‘ du _én‘x“i‘c

'_[j 2du .[E] x| +c = gn‘uz(U—3)‘ =-4(n| x| -4c

SCALTRAE =A4,xy3 3%y = A xy® -3x’y*=A
X X X



Eg. Solve (x+e")dy-dx=0.
M(x.y) , oN(x.y)
oy OX
Choose integrating factor: e/ = —e Ydx+ (Xe’y +1)dy =0
6(—e’y) e a(xe’y +1)

oy OX
F(x,y)=-xe” +c,(x,y)=—xe” +y+c,(x,y), .. -xe¥+=C

(Sol) M(x,y)=-1, N(x,y)=x+e’,

Another method: ? —x =g’ 18 the first-order linear differential equation for x(y).
y

X _x—e, p(y)=-1, e S S |

dy dy

(e’yx) =1 e?'x=y+c, xe?+y=C

1-6 Riccati’s Equation y’=P(x)y*+Q(x)y+R(X)

Suppose that there exists one specific solution y=S(x), then a general solution can be
obtained as follows

y=S(x ) =5'(x )—— 2
S'(x)—— z' = P(x)- { X)+ 2S(X %}+Q(x)-{8(x)+1}+R(x)

Z z
1 1
P00 L 2Plgs0t 0o
z'+ [2 P(x)S(x)+ Q(X)]Z =—P(x) is the 1st-order linear differential equation.

z
1
z

Eg. Solve y' =e *y? —y 4+ 3e*

(Sol.) y =e*is asolution = y =e* + %, y' =3e* _Z_z

z
A 2% 1 1
¥ - =e¥.|e™+ +— || ™ += |+3e™
z z z z
r_ -3x ' _ —3x 1A X X _ —2X
'=-27-e"+2z2,2'+72=—0€"", 7" +e"-2=—¢
' 1 2
(z-ex) =, &' =Ze+c,. . y=e¥ 4 —T—
2 e +2ce

10



1-7 Some Theorems on the First-order Ordinary Differential Equations
A family of curves F(x,y,k)=0 is a solution of y’=f(x,y).
Eg. A family of circles x*+)*-k’=0 is a solution of y’=-x/y.

Theorem An oblique trajectory intersecting )’=f(x,y) at an angle a Iis

, f(xy)+tan(e)

1- f(x, y)tan(a)
y,='1/f(xay)'

; particularly, if a=n/2, then the orthogonal trajectory is

Eg. Find the families of oblique trajectories intersecting the circle x>+y*=k*> at
angles of 45° and 90°.

(Sol) X2 +y? =k? & y':—§= f(xy)

X (Vj_l )
1. tan(45°)=1, y' = yx _YZX_Ax) Vo
10X yHX (y)+1 v+1

y X
Cv=1l , v=1-vi-v 1+Vv? 1
V4 XV'= L V= —_ =
V+1 (v+1)x v+l X

1+\/2 av=- =1 |1+Vv? | +tan™(v)=—fn| x| +c
1+v X 2

2
1£n1+(lj +tanl(l}:—€n|x|+c
X X
2. ¥y
r_ 1 _y ﬂ_% y=Ax
S
y
y=Ax y=Ax

11



Theorem A family of curves F(0,r,k)=0, of which differential equation is
f(0,r,r’)=0. Then the family of orthogonal trajectories has differential equation
[(0,r,-¥*/r’)=0, where r’=dr/do.

Eg. Find the family of trajectories orthogonal to r=kcos(0).
(Sol.) r=kcos(0), r’=-ksin(8) = r=-cot(6)r’

2
Family of orthogonal trajectories: r = —cot(6)- (— rTj = rL =tan(0) = r =k'sin()

¥

1-8 Solutions of the First-order Ordinary Differential Equations by Matlab
language and Wolfram Alpha

In Matlab language, we can use the following instructions to obtain the solution of
the first-order ordinary differential equation:

>>soln=dsolve('Dy=3*y+exp(2*x)','’»(0) = 3") % solve y'=3y+exp(2x), y(0)=3

ans=-exp(2*x)+4*exp(3*x)

Wolfram Alpha Address : https://www.wolframalpha.com/examples/mathematics/

12


https://www.wolframalpha.com/examples/mathematics/

Eg. Solve y’+xy=0.

¥ WolframAlpha gz

y'+xy=0 w B
§fs Extended Keyboard * Upload i Examples 8 Random
input:

Y X)) +xyx)=0

Open code &

Differential equation solution: Approximate form | [ [# Step-by-step solution ]
yoo =cy e 12

&

Plots of sample individual solution:

yi0y=1

Sample solution family:
¥y

05

0.4

04 (sampling y(0))

0.2

0.1

13



