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106 林宛葶(F) A4248301(提前一年畢業) 出國留學攻讀航太工

程 

102 周思妤(F) 99244209 推甄上清大動機研究所控制組 

101 翁振凌 98244591 推甄上師大光電研究所 

100 曾福祥 97244180 推甄上台科大電機研究所 

吳國榮 97244384 推甄上北科大自動化研究所 

魏嘉男 97244368 筆試考上長庚大學電子所 

劉祈廷 97244554 筆試考上元智大學光電所 

99 趙奕昕 96244224 推甄上北科大自動化研究所 

鄭紹朋 96244569 推甄上高應大電機研究所 

顏維辰 96244542 推甄上高應大電機研究所 

98 曾正賢 95245529 推甄上成大微電子研究所  

楊志柔(F) 95245049 推甄上中央大學生物醫學研究所  

李俊賢 95245120 筆試考上高應大電機研究所 

97 陳蕙質(F)  94245509 推甄上成大微電子研

究所 

96 陳俊男 93245254 推甄上北科大光電研究所  

林沿志  93245173 推甄上台科大電子研究所  

95 葉貞吟(F) 92240593 推甄上清大電子研究所  

93 黄家寶  90240375 推甄上清大光電研究所  

92 黃建智 89240359 推甄上交大光電研究所  

87 楊惠婷(F) 84241284 推甄上台大電機研

究所 

84 陳信溢 82416206(提前一年畢業) 台大電信所博士 

https://www.youtube.com/watch?v=OgFY5R4kATk
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歷年來的工數 TA與專題生研究所上榜慶功宴 

 

http://faculty.pccu.edu.tw/~meng/2023.06.16%20帶學生參訪交大光電.mp4
http://faculty.pccu.edu.tw/~meng/2023.06.16%20敏甄.mp4
https://www.youtube.com/watch?v=G45e-H5y3R4
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https://www.youtube.com/watch?v=VoGqQgvfnMo
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Chapter 1 The First-Order Ordinary Differential Equations (ODE) 

1-1 Separable Differential Equation A(x)dx=B(y)dy 

Solution: ∫A(x)dx=∫B(y)dy+C 

 

Eg. Solve (a) y’=3x2+1, y(1)=4, (b) 6x-2yy’=0, and (c) 2
1 2

  
dy

dx y

x

y
, y(0)=0. 

(Sol.) (a) dy=(3x2+1)dx, y=x3+x+c, y(1)=4 c=2, ∴ y=x3+x+2. 

(b) 2ydy=6xdx y2=3x2+c. 

(c) dxxydy )21(2  , y2+c=x+x2, y(0)=0 c=0, 

∴ y2=x+x2. 

 

Eg. Solve y’=xex-y with the boundary 

condition: y=ln2 at x=0. [2005台大電研] 

(Sol.) eydy=xexdx ey=xex-ex+c,  y(x=0)=ln2 c=3, ∴ ey=xex-ex+3. 

 

Eg. Solve y’=y2e2t with y(0)=2. [2010台大生醫電資所] 

(Sol.) 
2

1

y
dy=e2tdt

y

1
=

2

2te
+c,  y(t=0)=2 c=-1, ∴ 

y

1
=

2

2te
-1. 

 

1-2 The first-order Linear Differential Equation y’+p(x)y=q(x) 

Solution: 
 

 
 

 
 

dxxpdxxpdxxp

exqeyxpey  

 
 

 








 
dxxpdxxp

exqey
 

 
 

 





  cdxexqye
dxxpdxxp

 

 
 

 
 















  


cdxexqexy
dxxpdxxp

 

 

Eg. Solve xy’+2y=3x3. 

(Sol.) 23
2

xy
x

y  , p(x)=
x

2
, ∫p(x)dx=2ln(x), e2ln(x)=x2 42 32 xxyyx   

   c
x

yxxyx 


5

3
,3

5
242  y(x)=

2

3

5

3

x

cx
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Eg. Solve y’+y=sin(x). 

(Sol.) p(x)=1, ∫p(x)dx=x  xeyeey xxx sin     xeye xx sin


 , 

    
c

xxe
ye

x
x 




2

cossin
 y(x)=

    xec
xx 



2

cossin
 

Eg. Solve (a) xexy
x

y 22
  and (b) 

323 xxeyxy  . [2013成大電研] 

(Sol.) (a) xexy
x

y 22
 , p(x)=

x

2
 , ∫p(x)dx=-2ln(x), e-2ln(x)=x-2 

 xeyxyx   32 2 , xeyx  ]'[ 2 , ceyx x 2  22 cxexy x   

(b) 
323 xxeyxy  , p(x)=3x2, ∫p(x)dx=x3 xyexye xx 

33 23 , xye x ]'[
3

, 

c
x

ye x 
2

2
3


3

)
2

(
2

xec
x

y   

Eg. Solve y’+ycot(x)=5ecos(x). [2013師大應用電子所] 

(Sol.) p(x)=cot(x), ∫p(x)dx=ln|sin(x)|, eln|sin(x)|=sin(x) sin(x)y’+ycos(x)=5sin(x)ecos(x) 

 [ysin(x)]’=5sin(x)ecos(x) ysin(x)=-5ecos(x)+c, ∴ y(x)=
)sin(

5 )cos(

x

ce x 
 

Eg. Solve 1)12()1( 222  xyxxyx , y(0)=1. [2017台大生醫電資所] 

(Sol.) 1
1

12
2

2





 y

x

xx
y , 1)

1

2
1(

2



 y

x

x
y , )1ln()

1

2
1( 2

2



 xxdx

x

x
 

xexxx )1()]1ln(exp[ 22  ,  ]1
1

12
[)1(

2

2
2 




 y

x

xx
yex x

,  

xxx exyexxyex )1()12()1( 222  , 
xx exyex )1(]')1[( 22  , 

Cexxyex xx  )32()1( 22
, y(0)=1C=-2, ∴ 

1

232
2

2








x

exx
y

x

 

1-3 Bernoulli Differential Equations y’+p(x)y=r(x)yα (It is nonlinear if α≠1) 

Solution: Set 
1 ,

1

dy dy dz y dz
z y

dx dz dx dx






    


    



yxrzyxp

dx

dzy





1

         11 xrzxp
dx

dz
 

 
   

   
   







 



cdxexrexz
dxxpdxxp 


11

1

  
   

 
   











 cdxexrexy
dxxpdxxp 


111

)(1  
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Eg. Solve y’=y(xy3-1). [2004台大電研] 

(Sol.) 4xyyy  . Set 31341 ,   zyyyz , '
3

1 34 zz
dx

dz

dz

dy

dx

dy
 

 

343134 '
3

1   xzzzz , (-3𝑧4 3⁄ )×[ 343134 '
3

1   xzzzz ] 

  xx exzexzz 33 333'  


 xx cexycexz 333

3

1

3

1
   

Eg. Solve 0)()(
)( 22  xyexy

dx

xdy x . [2015台大電研] 

(Sol.) 22 yeyy x . Set 1121 ,   zyyyz , '
1

2
z

zdx

dz

dz

dy

dx

dy


 
2212 '   zezzz x , (-z2)×[ 2212 '   zezzz x ] 

  xxx ezeezz 32' 



x

x
x

x

ce
e

yce
e

z  
33

2
1

2

 

Eg. Solve xy’+y=4x2y2. [2015師大電研] 

(Sol.) 24
1

xyy
x

y  . Set 1121 ,   zyyyz , '
1

2
z

zdx

dz

dz

dy

dx

dy
  

22

41
'

1

z

x

xz
z

z
 , x

x

z
z 4'  , x

x

z
z 4'  , p(x)=

x

1
 , ∫p(x)dx=-ln(x), e-ln(x)=x-1 

4'
2

1 

x

z
zx , 4]'[ 1  zx , cxzx  41 , cxxz  24  cxx

y
 24

1
 

 

Eg. Solve 4

3

)21(

3

1
y

x
yy 


 . [2013師大應用電子所] 

(Sol.) Set 31341 ,   zyyyz , '
3

1 34 zz
dx

dz

dz

dy

dx

dy
  ,  

'
3

1 34 zz   + 31

3

1 z = 34

3

)21( 


z
x

, (-3𝑧4 3⁄ )×[ '
3

1 34 zz   + 31

3

1 z = 34

3

)21( 


z
x

] 

 z’-z=2x-1, [e-x．z]’=(2x-1)e-x e-x．z=(-2x-1)e-x+c, 

z=-2x-1+c ex, ∴ y -3= -2x-1+c ex  

 

Eg. Solve ))(()(
)(

21 tPcctP
dt

tdP
 . [2003台科大電研] 

(Sol.) 2

21 PcPc
dt

dP
 . Set 

1121 ,   zPPPz , '2 zz
dt

dz

dz

dP

dt

dP
  , 

-z-2．z'-c1z
-1=-c2z

-2, (-𝑧2)×[-z-2．z'-c1z
-1=-c2z

-2] 

z'+c1z=c2   tctc
ecze 11

2



tc

De
c

c
z 1

1

2 


tc
De

c

c
tP 1

1

21)(
   



6 

 

1-4 Homogeneous & Quasi-homogeneous Differential Equations 

The first-order homogeneous differential equation: y’=f(y/x) 

Solution: Set 
dx

du
xu

dx

dy
uxy

x

y
u  ,,  

  x

dx

uuf

du
ufu

dx

du
x 


  is a 

separable differential equation. 

Eg. Solve y
x

y

dx

dy
x 

2

. 

(Sol.) Set 
dx

du
xu

dx

dy
uxy

x

y
u  ,, 

dx

du
xuuu

x

y

x

y

dx

dy









 2

2

 


u

cxn
u

du

x

dx

dx

du
xu

1
||,,

2

2    


cxn

x
xuy

cxn
u











||
,

||

1


 

 

Eg. Solve 
yx

yx

dx

dy




 . 

(Sol.) 
dx

du
xu

u

u

x

y

x

y

dx

dy




























1

1

1

1


u

u

u

uuu

dx

du
x











1

1

1

1 22

 

   cxnunu
x

dx
du

u

u












  |||1|
2

1
tan,

1

1 21

2
  

 cxn
x

y
n

x

y

















 ||1
2

1
tan

2

1   cyxn
x

y








 221

2

1
tan   

 

Eg. Solve   yyxyx  . [1990中山電研] 

(Sol.) 
x

y

dx

dy

x

y
 )1( . Let 

dx

du
xu

dx

dy
uxy

x

y
u  ,,  

  












 
 du

u
du

uu
Cxndu

uu

u

x

dx 111
 = unuunduu  



 2

1

2

3

2

C
x

y
n

y

x
xn 








  2 C

y

x
yn  2  

 

Eg. Solve y’=4y/(4x-y). [文化電機轉學考] 

(Ans.) c
y

x
y 

4
)ln(  

 

https://www.youtube.com/watch?v=Ci7au2tcNis
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Quasi-homogeneous differential equation: 













heydx

cbyax
f

dx

dy
 

Case 1 ae-bd≠0 

Solution: Let A and B fulfill 








0

0

heBdA

cbBaA
, and set BYyAXx  ,  















heydx

cbyax
f

dX

dY

dx

dy    
    














hBYeAXd

cbYbAXa
f  















heBdAeYdX

cbBaAbYaX
f  















eYdX

bYaX
f

dX

dY
 is a homogeneous equation. 

Eg. Solve 
2

12






x

yx

dx

dy
. 

(Sol.) 2,0,1,1,1,2  hedcba , 0110 bdae  

 








02

012

A

BA

3

2





B

A
 3,2  YyXx  

   
22

21322















 u

X

Y

X

YX

X

YX

dX

dY

dx

dy
 

  ]2ln[
2

3
)ln(,2

22 



 xc

x

y
cXuuu

dX

du
X  

Case 2 ae-bd=0 

Solution: Set  xv
b

a
y

d

eydx

a

byax
v 





 ,  








 1

dx

dv

b

a

dx

dy
 

∴ 













heydx

cbyax
f

dx

dy























hdv

cav
f

dx

dv

b

a
1 














hdv

cav
f

a

b

dx

dv
1  is a 

separable equation for v and x 

 

Eg. Solve 
424

12






yx

yx

dx

dy
. 

(Sol.) 4,2,4,1,1,2  hedcba  

∵ 0bdae , ∴ 
4

24

2

2 yxyx
v





  

dxdv
v

v

v

v

dx

dv




























910

88

44

12

2

1
1 xcvn

v
 |910|

25

2

5

4
  

  xcyxnyx  |9510|
25

2
2

5

2
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1-5 Exact Differential Equations and Integrating Factors 

Exact differential equation: M(x,y)dx+N(x,y)dy=0 if 
   

x

yxN

y

yxM








 ,,
 

Solution: F(x,y) fulfills 
     

x

yxN

y

yxM

yx

yxF













 ,,,2

 

   
    0,,

,,










 dyyxNdxyxMdy

y

yxF
dx

x

yxF
dF  

 Solve 
 

),(
,

yxM
x

yxF





 and 

 
),(

,
yxN

y

yxF





 

  F(x,y)=C is its solution. 

 

Eg. Solve (6xy-y3)dx+(4y+3x2-3xy2)dy=0. [2011中正電研] 

(Sol.) 
   

x

xyxy
yx

y

yxy








 22
2

3 334
36

6
 

 
   ycxyyxyxFyxy

x

yxF
1

323 3,6
,





 

 
   xcxyyxyyxFxyxy

y

yxF
2

32222 32,334
,





 

  cxyyxyyxF  322 32, , ∴ Cxyyxy  322 32  

 

Eg. Solve y’[sinh(3y)-2xy]=y2. [2013中央電研固態組、生醫電子組] 

(Sol.) y2dx+[2xy-sinh(3y)]dy=0 

   
x

yxy
y

y

y








 )3sinh(2
2

2

 

 
   ycxyyxFy

x

yxF
1

22 ,
,





 

 
   2

2

, cosh(3 )
2 sinh(3 ) ,

3

F x y y
xy y F x y xy c x

y


     


 

  2 cosh(3 )
,

3

y
F x y xy c    , ∴ 2 cosh(3 )

3

y
xy C   

 

Eg. Solve y=(y2-x)y’. 

(Sol.)   02  dyyxdxy  


   

     








2

2

1

2

,,1 cdyyxcdxyyxF
x

yx

y

y
= 2

3

3
c

y
xy  , 

∴ C
y

xy 
3

3
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Eg. Solve 
yeyx

xy

dx

dy






22

3

3

22
. 

(Sol.)     0322 223  dyeyxdxxy y , 
   

x

eyx
xy

y

xy y








 22
2

3 3
6

22
 

 
   ycxyxyxFxy

x

yxF
1

323 2,22
,





 

 
   xceyxyxFeyx

y

yxF yy

2

3222 ,3
,





 

  cexyxyxF y  2, 32 , ∴ Cexyx y  232  

 

 

Integrating factor u(x,y): For M(x,y)dx+N(x,y)dy=0, in case 

   
x

yxN

y

yxM








 ,,
 but 

         
x

yxNyxu

y

yxMyxu








 ,,,,
, and then u(x,y) is called 

the integrating factor. 

 

Eg. Solve (y2-6xy)dx+(3xy-6x2)dy=0. 

(Sol.) 
   

x

xxy
xyxy

y

xyy








 22 63
12362

6
 

Choose   yyxu ,      0636 2223  dyyxxydxxyy  

   
x

yxxy
xyy

y

xyy








 22
2

23 63
123

6
 

 
   ycyxxyyxFxyy

x

yxF
1

22323 3,6
,





 

 
   xcyxxyyxFyxxy

y

yxF
2

22322 3,63
,





. ∴ Cyxxy  223 3  

Another Method: 
2

2

63

6

xxy

xyy

dx

dy




  is the first-order homogeneous equation. 

6-
x

y
3

x

y
6-

x

y

6x-3xy

6xy-y
-

dx

dy

2

2

2




























. Let 

x

y
u  

dx

du
xuy '  

cxn
)3(

2

4

3
-

x

dx
du

12u4u-

6-3u
2







  du
uu

u  

c|x|ln]
3

2
[

4

1
- 


  u

du

u

du
-4c|x|n-4)3(un 2   u  

AyxxyAyx  223223

4

2 3,3 xy,
x

A
3)-

x

y
()

x

y
(  
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Eg. Solve (x+ey)dy-dx=0. 

(Sol.)    
   

x

yxN

y

yxM
exyxNyxM y











,,
,,,1,  

Choose integrating factor:   01   dyxedxee yyy  

 
   

x

xe
e

y

e y
y

y








 


 1
 

     yxcyxeyxcxeyxF yy ,,, 21   , ∴ -xe-y+y=C 

Another method: yex
dy

dx
  is the first-order linear differential equation for x(y). 

 
 

  Cyxecyxexe

eexe
dy

dx
eeeypex

dy

dx

yyy

yyyyydyypy










,,1

1,,1,
 

 

1-6 Riccati’s Equation y’=P(x)y2+Q(x)y+R(x) 

Suppose that there exists one specific solution y=S(x), then a general solution can be 

obtained as follows 

    z
z

xSy
z

xSy 
2

1
,

1
 

     
 

    


















z
xSxQ

zz

xS
xSxPz

z
xS

1121
2

2

2
 xR  

       
z

xQ
z

xSxP
z

xPz
z

11
2

11
22

  

        xPzxQxSxPz  2  is the 1st-order linear differential equation. 

 

Eg. Solve 
xx eyyey 323 3 
. 

(Sol.) xey 3 is a solution 
2

33 3,
1

z

z
ey

z
ey xx 

  

xx
x

xxx e
z

e
zz

e
ee

z

z
e 33

2

3
63

2

3 3
112

3 



















   

xxxxx ezeezezzzezz 233 ,,2    

  cezeeez xxxx 


  22

2

1
, , ∴ 

xx

x

cee
ey

 


2

2
3

3  
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1-7 Some Theorems on the First-order Ordinary Differential Equations 

A family of curves F(x,y,k)=0 is a solution of y’=f(x,y). 

Eg. A family of circles x2+y2-k2=0 is a solution of y’=-x/y. 

 

Theorem An oblique trajectory intersecting y’=f(x,y) at an angle α is 

   
   



tan,1

tan,

yxf

yxf
y




 ; particularly, if α=π/2, then the orthogonal trajectory is 

y’=-1/f(x,y). 

 

Eg. Find the families of oblique trajectories intersecting the circle x2+y2=k2 at 

angles of 45° and 90°. 

(Sol.)  yxf
y

x
ykyx ,222   

1.   145tan  , 
1

1

1

1

1

1



































v

v

x

y

x

y

xy

xy

y

x

y

x

y  

  xv

v

xv

vvv
v

v

v
xvv

1

1

1

1

1
',

1

1
'

22















  

  cxnvvn
x

dx
dv

v

v












  ||tan|1|
2

1

1

1 12

2
  

∴ cxn
x

y

x

y
n 

















  ||tan1

2

1 1

2

  

2. 

x

dx

y

dy

x

y

y

x
y 











 ,
1

, 

∴ y=Ax 
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Theorem A family of curves F(θ,r,k)=0, of which differential equation is 

f(θ,r,r’)=0. Then the family of orthogonal trajectories has differential equation 

f(θ,r,-r2/r’)=0, where r’=dr/dθ. 

 

Eg. Find the family of trajectories orthogonal to r=kcos(θ). 

(Sol.) r=kcos(θ), r’=-ksin(θ) r=-cot(θ)r’ 

Family of orthogonal trajectories:     tan
''

cot
2











r

r

r

r
r   sin'kr   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1-8 Solutions of the First-order Ordinary Differential Equations by Matlab 

language and Wolfram Alpha 

In Matlab language, we can use the following instructions to obtain the solution of 

the first-order ordinary differential equation: 

 

>>soln=dsolve('Dy=3*y+exp(2*x)','y(0) = 3') % solve y'=3y+exp(2x), y(0)=3 

ans=-exp(2*x)+4*exp(3*x) 

 

 

 

Wolfram Alpha Address : https://www.wolframalpha.com/examples/mathematics/ 

 

https://www.wolframalpha.com/examples/mathematics/
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Eg. Solve y’+xy=0.  

 


