Chapter 2 The Second-Order Ordinary Differential Equations

2-1 Introduction

Initial-value problem
Eg. y”-2y=x*-1, p(1)=3, y’(1)=-5.

Boundary-value problem
Eg. y”+y=0, y(0)=y(m)=0.

Theorem Let yi(x) and y:(x) be linearly independent solutions of
V’+P(x)y’+0(x)y=0, then y(x)=ciy1(x)+czy2(x) is its general solution.

2-2 The 2-order Linear Constant-coefficient Ordinary Differential Equation
y”+Ay’+By=F(x)
Homogeneous equation: y”+A4y’+By=0

— A+~ A?-4B

2

A++A? 4B

Case 1 A>-4B>0= 1 = — ; =1, I, L#r,.. y(x)=ce™+c,e

Let y=e™, P+4Ar+B=0=r =

rpX

Eg. Solve y”+3y’+2y=0.
(Sol.) P4+3r+2=0, 1=-1, -2, .". Y(x)=cie™+ce™

Y3 (%)+ Ay;(x)+ By, (x)=0=u(x) = c,x +c,

_AX _Ax _AX
Choose ¢, =1 ¢c,=0, y,(x)=xe 2, .. y(x)=ce 2 +c,xe 2
Eg. Solve y”+4y’+4y=0.
(Sol.) P+4r+4=0, 1=-2, -2, .". y(x)=cie*+crxe™

~A+iJ4B - A?

) =
y(x)=c,eP 4 c,e 9 = d,e™ - cos(qx)+ d,e™ -sin(gx)
Eg. Solve y”+9y=0.

(Sol.) +9=0, r==*i3, .". y(x)=cicos(3x)+c2sin(3x)

Case 3 A>-4B<0=r = ptiq

Eg. Solve y”+2y’+26y=0.
(Sol.) P+2r4+26=0, r=-1£5i, .". y(x)=cie™cos(5x)+cre™sin(5x)
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Eg. Two students solve y”+ay’+by=0, y(0)=A and y’(0)=B. Using wrong constants
for b and B, one student obtain the solution ys=e?*(cos3x+2sin3x). Using wrong
constants for a and A, one student obtain the solution yg=-3¢*+2¢’*. Find the
correct constants for a, b, 4, and B and solve the initial value problem. [2001 &

KEHI

(Sol.) ya=e*(cos3x+2sin3x) = r=—2 + i3 = r*+4r+13=0= r*+ar+b,

"." b is wrong but a is correct, .". a=4

" ¥(0)=A4 is correct, .". ya(0)=e’(cos0+2sin0)=1=4

ye=-3e*+2e**= r=1, 3= r?-4r+3=0= r’+ar+b, *." a is wrong but b is correct, .. h=3
B '(x)=-3&*+6€%%, *." y’(0)=B is correct, .". yp (0)=-3+6=3=B

The correct r*+art+b=r’+4r+3=0= r=-1, -3=> The correct y(x)=ce*+de>*
W(0)=4=1= ctd=1 and y’(0)=B=3 = -c-3d=3, we obtain ¢=3, d=-2

= y(x)=3e*-2e*
The solutions given by ChatGPT3.5 are wrong |

e(-2:[(4 + a- 2a + blcos(3x) + (24 + Ba + 2b)sin(3x)] = O

m Twa students salve y"+ay*+by=0, y(0)=A and y'(0)=B. Using wrong constants for b and B, one
student obtain the solution yA=e-2x{cos3x+2sin3x). Using wrong constants for a and A, one

For this equation to hold for all x, the coefficients of cos(3x) and sin(3x) must both be zero.

Therefore, we have the following equations:
student obtain the solution yB=-3ex+2e3x. Find the correct constants for a, b, A, and B and

solve the initial value problem. 4+3-2a+b=0(1)

24+6a+2b=0(2)

To find the correct constants for , b, A, and B, we can compare the given solutions to the
general solution of the differential equation and use the initial conditions to solve for the

unknown constants. The general form of the differential equationis:
yi+ay +by=0

Let's first consider the solution yA:

yA = e"(-2x){cos(3x) + 2sin(3x)

We can find its first and second derivatives:

yA' = e"(-2(-2c0s(3x) + Bsin(3x))
yA" = e"(-2x)(4cos(3x) + 24sin(3x))

Mow, plug these derivatives into the differential equation:

YA"+ ayA' + byA = e(-2x)(dcos(3x) + 24sin(3x) + ale™(-2x)(-2cos(3x) + Bsin(3x))] + ble™(-2x)
(cos(3x) + 2sin(3x)] = 0

Mow, simplify and group like terms: S Regenerats

Now, we have a system of four equations (1), (2), (3), and (4) to solve for the constants a, b, A,

and B. Let's solve this system:

From equation (4), we have:

18a+6b=0

Divide both sides by 6:

3a+b=0

From equation (1), we have:

4+a-2a+b=0

Simplify:

4-a+b=0

Now, we can solve these two equations simultaneously:

3a+b=0(5)
4-a+b=0(6)

Subtract equation (5) from equation (6):

(4-a+b)-(3a+b)=0 .
'S Regenerate
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How, let's consider the solution yB:
yB=-3e"x+ 2e"(3x)
We can find its first and second derivatives:

B = -3e"x + Be"(3x)
yB" = -3e"x +18e"3x%)

How, plug these derivatives into the differential equation:

yB" + ayB' + byB = (-3e"x + 18e™(3x)) + a(-3e"x + 6e™(3x)) + b(-3e™x + 2e"(Ax)) = O
Simplify and group like terms:

(-3+a-3a+ble"x +(18a + 6b)e™(3x) =0

For this equation to hold for all x, the coefficients of e*x and e"(3x) must both be zero,

Therefore, we have the following equations:

3+a-3a+b=0(3)

02 + 6b = 0(4) < Regenerate
Simplify:
4-a+b-3a-b=0
Combine like terms:
4-4a=0
How, isolate a:
da=4
a=1
How that we have found the value of a, we can use it to find b
3a+b=0
3(M+b=0
3+b=0
b=-3
So, the correct constants are a = 1and b = -3.
How, let's use the initial conditions to find A and B:
We have the initial conditions:
wo)=A S Ragenerate



ForyA:
yA = e-2x)cos(3x) + 25in(3x))
Using the initial condition y(0) = A:

A = e*(0)cos(0) + 2sin(0))

ForyB:
yB=-3e™x + 2e73x)

Using the initial condition y'(0) = B;

B=-3e™(0) + 2e*(370)
B=-3+2
1 . . Wrong answer
’ The correct solutionis: g0 o
At y(30) = e™(-2x)(cos(3x) + 2sin(3x))
B=-
Now, we can write the solution to the initial value problem:
Y raysby=0 witha=1,b=-3,A=1,and B=-1.
w0} =A=1 S Regenerate

Non-homogeneous equation: y”’+A4y’+By=F(x)
1. Find the homogeneous solution yn of y”+A4y’+By=0,
2. Find a particular solution y, of y”’+4y’+By=F(x), 3. General solution is yn + yp.

Eg. Solve y”-4y=8x?-2x.

(Sol.) *-4=0, r=2,-2, .. y, =c,e>* +c,e’*,

yp=ax>+bx+c, yp =2ax+b, y,"=2a, .". yp -4yp =-dax*-4bx+2a-4c=8x*-2x
=a=-2b= %,c =-1,.. y(X)=ce ™ +c,e” -2x° +%x—1

Eg. Solve y”+2y’-3y=4¢**.

(Sol.) #+2r-3=0, =1,-3, .. y, =c,e* +c,e”>*.

Let yy=Ae™, yp ' =24e™, yp "=44e>, .". yp +2pp -3yp =4e>* = A= g ,

- 4
y=ce*+c,e™ +ge2X

Eg. Solve y”+2y’-3y=4¢".

(Sol.) P+2r-3=0, =1,-3= y, =c,e* +c,e”, .". y#de’,
Try ypy=Axe*, yp '=Ae*+Axe*, y, "=2Ae*+Axe*,

S 2 3y =4t > A=1, Ly =cet +Ce et

Eg. Solve y”+4y=cos(x).
(Sol) r?+4=0, r==22i, .". yw=cicos(2x)+casin(2x).

Let yp=Acos(x)+Bsin(x), yp =-Asin(x)+Bcos(x), yp "=-Acos(x)-Bsin(x),

Vo +4y,=3A4cos(x)+3Bsin(x)=cos(x) = A=% , B=0, .". y=cicos(2x)+czsin(2x)+ % Ccos (X)
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Eg. Solve y”+4y=cos(2x).

(Sol.) r®+4=0, r=+2i, .". yn=cicos(2x)+casin(2x) but y,#4cos(2x)+Bsin(2x)
Try ypy=Axcos(2x)+Bxsin(2x), yp =Acos(2x)-24xsin(2x)+Bsin(2x)+2Bxcos(2x),

Vp '=-2A4s1n(2x)-2A4sin(2x)-4Axcos(2x)+2Bcos(2x)+2Bcos(2x)-4Bxsin(2x),

Vp +4y=-4A4sin(2x)+4Bcos(2x)=cos(2x) = A=0, BZ% , . . y=c1c08(2x)+cosin(2x)+ 2 sin (ZX)

Variation of parameters to find the particular solution yy:

Let y1 and y» be linearly independent solutions of y”+A4y’+By=0, then a particular
solution yp 1s yp =u(x)y1(x)+v(x)y2(x), and

Yo = u'y, +V'y, +uy; +vy, =uy; +Vy,

Impose the condition: u'y, +V'y, =0------ @)

Yp =Uu'y; VY, Y VY,
=u'y; +V'y, +uy; +VYy, +A(uy1 +VYy, j+ B(uy1+vy2): F(x)
= u[yln + Ayll + By1}+v[y2" + Ayz' +by2}+u'yll +V' yzl = F(x)

! !

u'y, +Vv'y, =F(x)---(2)

@), @)= u-—YF L WF)
Yi¥o = Yo Nu Yi¥o = Yo 0
Wronskian determinant: W(yl,y2)= yl' yz’ = y1y2' _yzyl'
1 2
- Y F (X) ylF (X)
u(x)= | —2—2Ldx, v(x)=[22—<dx =y, =u(x)y,(x)+v(x)y,(x)
( ) J.W(yl,yz) ( ) W(yl,yz) P ( ) l( ) 2

Eg. Solve y”—gy'+xizy =x* +1. [1991 FAEH - 2015 FEBHZF T 4]

(Sol) y, =%y, =x*, W(y,,y,)=x-4x* —x*-1=3x*,

U(X):J%}dxz—g—i’ V(X):J.A):(:XT_Fl)dXZ%(n|X|—i

3 6x’
¥ x2ox!
Yo = U(X)yl +V(X)Y2 = _?_?"'?En | Xl
Xt x2 ¥ x2 4
y(x)zyh+yp=cx+dx4—?—7+?£n | X |=clx+czx4—7+?€n | x|
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Eg. Solve y”+4y=tan(2x).
(Sol.) y”’+4y=0 = y1=cos(2x), y>=sin(2x)

W(Y.,Y,) =YY, —Y,Y, =2cos’(2x)—sin(2x)[- 2sin(2x)] = 2

u(x)= j —sin (ZX;' tan(2x) dx = %sin (2x)— %En tan(% + xj

V)= cos(2x)- tan(2x) o —%cos(Zx)

2
tan(z + XJ
4

Yo = U(X)Y1 (X) + V(X)yz (X)

cos(2x). /n —%COS(ZX)Sin (2x)

_ %sin (2x)cos(2x) -

VA
tan| —+ x
(4 j

= —lcos(Zx)-En

X c0s(3X) . sin(3x) - In[|sin(3x)(]
12 36

(Ans.) Y =acos(3x) +bsin(3x) —

https://www.wolframalpha.com/examples/mathematics/differential-equations/

Eg. Solve y”+2y’-3y=e**.

% WolframAlpha:

y" +2y-3y = exp(2) =

ffo Extended Keyboard * Upload i3 Examples >4 Random

Y0 +2 y'(x) - 3 y(x) = exp(2 x)

Approximate form + Step-by-step solutior

Differential equation solution
‘,2.\'

yx)=c1 &% +Co e’ + —

5:
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2-3 Euler Equation x?y”+Axy’+By=F(x)

Solution: z=In(x), y% gy SZ 1 jy
X Z aX X az

,,:dzy d(ldyj 1dy 1d(dyj 1dy 1d(dy) dz
7 dx?> dx\xdz dz x2 dz xdz\dz ) dx

iy+1d dy d°y . _dy

x2dz  x? az a2 Y T

=>— d’y +(A- 1) dy + By = F(e®) is the second-order linear ODE.

d 2

x2 dz xdx

and X°y"=—

Eg. Solve x’y”-5xy’+8y=2In(x)+x" .
1dy ., 1dy 1d% d’y _dy
Sol.) z=In(x = , e Al , _e
(Sol) =in(), y'= x dz Y x> dz x*dz? ' dz® dz
yh=cie**+cre*=cix*+cox* and yy=azt+b+ce, yy’=a+3ce’, y,"=9ce’,

Vo -6yp +8yp=2z+e** = 8a=2, -6a+8b=0, -c=1 = a=1/4, b=3/16, c=-1,

+8y =2z +e%

1 3
X)=c x> +c, x* +=/n(x) + ——x3
y(x) =c, 2 4 (x) 16

In
Eg. Solve xy"+4y' =
X

s 1 dy 1dy 1d?%
S 1 2 +4 :3l , Z—l , ,:——’ "m_ _ —_+__
(Sol) xyxy =3In(x). z=nx). y x dz Y x2 dz x? dz?

>

d? d
i y +3 dy 3z, yw=c1e™+cre ¥ =ci+cox and yy=az*+bz+c, ypy'=2az+b, yy'=2a,
z

2
Vp H3yp =3z= 6a=3, 2a+3b=0= a=1/2, b=-1/3, .. y(x)=c1+czx'3+M - InTX
(Ans.) yey=cx? + 3 - 1)
X 3X

Eg. Solve (a) x’y”-4xy’+4y=0 and (b) x*y”+5xy ’+4y=0.

(Sol.) (a) Let y=x", y’=rx""!, y "=r(r-1)x"? = x%y "-dxy +4y=x'(1*-5r+4)=0

=r=1, 4= y=cix +cx*.

(b) y=x"= rP+4r+4=0, r=-2, -2=> y1=x2, yo=x2n(x) = y(X) = ¢, X + ¢, X 24n(X)

1 dy 1dy 1d?%
Another method: z=/ ===y —t——
Zin(x), y X dz Y x* dz  x® dz?
dzy+4dy+4 =0 yi=e?=x2, yp=zeP=x7l =¢, X7 +¢,Xx724n(X)
0’ y= yi=e =X, yo=ze =x"In(x) = y(x)=C, )

(Ans.) (a) Y(X)=c,X+c,xn(x)+n(x)+2, (b) y(x)zclx+czx“+%x“£nx—%x2
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Eg. Solve (x+2)*”-(x+2)y’+y=3x+4. [2012 Efi A fEFH B

_ 2
(Sol.) z=In(x+2), y'= L ﬂ, "= 1 2ﬂ+ ! Z-d Z,
(x+2)dz (x+2)°dz (x+2)° dz
d*y _,dy
2 ZE +y =236 -2, yi=e’=x+2, yr=ze’=(x+2) - In(x+2), and y,=az’e’+b,
z

Yo' =2aze* +az’é?, y,"=2ae* +daze? +az*e*=>yp -2y, typ=(2ae* +4aze* +az*e?)-2(2aze
+az’e)+azre+b=2ae*+b=3e* -2 = a=3/2, b=-2

:»yp%zz e”% [In(x+2)]? - (x+2)-2,
Sooyx)=e (et 2) e (x+2) - ln(x+2)+g [In(x+2)]* - (x+2)-2
Eg. Solve (x-2)%y"+4(x-2)y’+6y=0. /LB EEE2

(Sol.) Let y=(x-2)", r’+3r+6=0, r=_3i—2h/E,

y(x) = ¢, (x— 2)_g : cos[@ n(x— 2)} +C,(x— 2)_g -sin {g n(x— 2)}

https://www.wolframalpha.com/examples/mathematics/differential-equations/

Eg. Solve x?y”+4xy’+2y=0 and x%y”-2xy’+2y=x".

% WolframAlpha

X"2y" +4xy'+2y = 0 =]

ffo Extended Keyboard * Upload i3 Examples >4 Random

Input

¥y () +4xy 0 +2y0x) =0

Differential equation solution ¥ Step-by-step solution

(x) A
b3 BB M
b el
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% WolframAlpha:

X"2y" -2xy'+2y = x*3 =]

ffo Extended Keyboard * Upload i3t Examples >3 Random

Input

¥ y'0-2xy(0)+2yx) =x

Differential equation solution | @ Step-by-step so

=]
y X
Y(X)=cC2X" +C1 X+ ?

2-4 Miscellaneous Problems

Eg. Solve y’=(y+x)3-1. [2012& K B F-FrE4H]

(Sol.) Let u=y+x, d—u=y +1=1, d—g =dx, _—:E=x+c: _—2 =x+c
dx u 2u 2(y+x)
Eg. Solve y’=(-2x+y)?-7, y(0)=0. [20105 K E ]|
(Sol) Let u=-2x+y, QUio=y2.7, QU_jpo _OU _ 1[ 1 _ 1 Jdu = dx »
dx dx u’-9 6u-3 u+3
In(4= 3 y=6xtc, 4= 3 =Aetx, YTEX79 2x-3 =A4e®, y(0)=0— A=-1, .. Y —<X=° 2X=3 _ o
u+3 u+3 y—2x+3 y—2x+3
Eg. Solve y’=p-2xy+x2+1. [1991 T HREBAT ~ T AFEHIFT]
-1
(Sol.) Let u=y-x, y =u +1=u’+1, d—l: =dx, -l/u=xtc= X =x+c
u J—
Eg. Solve 1+x%p*+y+xy’=0. [X AR EEFT]
(Sol.) Let u=xy, u’=y+xy’, 1+u*+u’=0, du > =—dx, tan™ (u)=-x+c = tan™ (xy)=-x+c
+U

Eg. Solve x*+ycos(x)+y’sin(x)=0. [2015ET A EHF]

(Sol.) x2+[ysin(x)] =0, [ysin(x)] =X, ysin(x)= _;’( +c
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Eg. Solve xy”+2y’=4x".

4 3 4
(Sol.) Let u=y’= xu'+2u=4x*=u = % + % = y(x)= Iu(x)dx = X? —E+ D
X X

Another method: x?y "+2xy =4x* (Euler’s equation)

Eg. Solve y”-2yy’=0.
dy' du_dudy  du_ du

Sol.) Setu=y’, y"= =—= = U—-2yu=0=>u=y" +c¢C
(Sol.) Setuy", 'y dx dx dy dx dy dy y v
dy dy 1. 4l
===y +C=> =dx => —=tan| = |=x+K
dx Y’ y?+cC Je (\/EJ
Eg. Solve Q=L.
dx  x’y+y?

ﬂ:ﬂ.%:zx.ﬂ— X

(Sol.) Let u=x?, - -
dx du dx du uy+y

3—“— 2yu=2y® = [u-e” =2y’
y

u=e" [~y —e +c¢]=-y?—1+ce’ = x* =—y? —1+ce”
dx y? N .

Another method: & = Xy +-— (Bernoulli’s equation)

X

Given a solution y(x) of y”+P(x)y’+Q(x)y=0, then a second solution y>(x)=v(x)y1(x)
is obtained by the following method:

vy, (X) +VT2y;(X) + P(X)y,]=0. Set v’=u=u’ +{ Yi + P(X)}u =

1
Eg. Solve y”+§y’+i2y:O if yl:1 is given.
X X X

V(X . ' '
(Sol) Let y, =v(x)y, (x) = " “ V)=V, VY

:(v’-y1+v-y{)'=v”-y1+v Y VY VY =y 2V vy,

" 1o "t 3 '
Vi 2V y vy 4 — (V y1+Vy1)+_—Vy1+2Vyl+;VY1:0

3 2 3
V=u=u +[ Dt — X 2 i —uw+Tu=0
X

u:v':1:>V(X)=fn|X|=> Y, (X) =
X

Eg. Given y(x)=x is a solution of y”-xy’+y=0, find the other solution. [ 3% X & &
Frl
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