Chapter 3 Series Solutions of Differential Equations
3-1 Simple Power Series Solutions of Ordinary Differential Equations
For y’+g(x)y=r(x) or y”+P(X)y’+Q(X)y=F(x), if g(x), r(x), P(x), Q(x), and F(x) are
analytical at zero, then y(X)= i a,x",

n=0

o0

y’ = z na'an_1 = Z r]anxn_l = Z(m + 1)a'erlxm = Z(n + 1)anJrIXn s
n=0 n=1 n=0

m=0

y'=>n(h-Dax"* = in(n —-1a, x"? = i(m+2)(m+ Da X" = i(n +2)(n+Da,,,x".
n=0 n=2 m=0 n=0

Eg. Solve (1+x2)y”+2xy’=0, y(0)=0, y’(0)=1. [2004 & KEHH]

(Sol)Lety=>"a,x",y’=>na,x"", y"=>nn-Dax"? => (n+2)(n+Da,,,X"
n=0 n=0 n=0 n=0

1+ x3)y"+2xy" = y"+x*y"+2xy" =D (n+2)(n+1Da,,,x" + > n(n—1a,x" +i2nanx”
n=0 n=0 n=0

=Y [n(n+Da, +(n+2)(n+Da,,x"=0=a,, =- n_o
n=0 (n+2)
=D
—=a,=a,=a, =...=0 and Ay, :mal
© X3 XS X7
= y()=2ax" =8+ al(x—?+?_7+_m) =a,+4, tan"'(X)
n=0

y(0)=0, y’(0)=1 = a0=0 and ai=1= y(X)=tan!(x)

Eg. Solve (1+x2)y”-2xy’+2y=0. [1990 &K+ AKF]

(Sol) Lety=>"a,x" ,y'=3 na,x™
n=0

n=0

y' =Y n(n-Da,x"> =y nn-Na,x"> = (n+2)(n+Da,,x"
n=0 n=0

n=2

I+ X3y =2xy" +2y = y" + X*y" = 2xy' + 2y

=Y (n+2)(n+Da,,,x"+ > n(n-Da,x" - > 2na x" +> 2a X"
n=0 n=0 n=0 n=0
=S [+ 2)(n+Da,., +(1-2)(n-Da,x" =0 = a,,, =— - D=2,
pwr (n+2)(n+1)
az=—# o, =-ao0, a3=0, a4=0, as=0, as=0, a7=0, ...

. y(X) =a, +ax—a, x> =a,(1-x*)+ax
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Eg. Solve (1-x})y"+2xy"-2y=0. [1990 A AR
(Sol.) Let y= i a, X", y'= i na, X!

n=0 n=0

0

=Y n(n-Da,x"? => n(n-DHa,x"* =D (n+2)(n+Da,,,X"
n=0 n=0

n=

[N}

(I=X)y" +2xy' =2y = y" = X*y"+2xy' -2y

i(n+2)(n+1)an+2 Zw:n(n Da,x" +22na X" —22a X"

n=0 n=0

0 _ _ _ n_ fIl__})EEL__g).
Z:(;[(n+2)(n+1)an+2 (n 2)(” 1)an]x O:amz (n+2)(n+1)
DD
1-2

=a0, a3=0, a4s=0, as=0, as=0, ar=0, ...

y(X)=a, +ax+a,X’ =a,(1+x*)+ax

Eg. Solve y”+x?y=0 by series expansions. [2015 Ffi A ZEHHF]

(Sol)y=>a,x",y"=> (n+2)(n+Da,,x", xy=> ax"? =>a ,x"=> a X"
n=0 n=0 n=0 m=2 n=2

y'+x*y =Y [(n+2)(n+Da,,, +a,,]x" +2a, + 6a,x =0

n=2
_an—z
=»a ,=—"2—, n=2,3,...., &, =2a,=0
(n+2)(n+1)
—4a, a, -4 a,
= a, = , Qg =——— a; = , Qg =————
4.3 8-7-4-3 5.4 9.8-5-4

x* X' X’ X’
y=a,| l-———+ —Fo +a,| X— + —F
4.3 8-7-4.3 5-4 9.8-5-4

Eg. Solve y’+ky=0 by series expansions.

(Sol.) yzianx” , ¥ = i na, x"" = i na, x"" = i(m +Da, X" = i(n +Da,, x"
n=0 n=0 n=1 m=0 n=0

= (n+Da, x"+k> ax"=0= > [(n+1a,, +ka,]x" =0

n=0 n=0 n=0
ka -D)"k"a
:aml:_ ”1’ =V, 1, 4,5, ... :>an=()—'0, —1,2,3, ......
n+ n!
i A 1) (00" R
m n ! = nl 0
= n=0 n=0

(Ans.) y(X)= cie*+ c2(x+2)
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Eg. Solve y”+k2y=0 by series expansions.

(Sol)y=>a,x", y"=>ann-Dx"? =>a,,(n+2)(n+Dx"
n=0 n=2 n=0

y' +k’y = Z[an+2(n+2)(n+1)+ k’a, ]x" =0

—k? a,
=a,,=———"—; nN=0,1,2,---
(n+2)(n+1)
-k’a, -k’a,
=a, = a, =
2-1 3.2
k*a, k*a,
& =" 5% 4129 1
4.3.2-1 5:4-3-2-1
_ n 2n . _ n 2n
a,, :( D . % A4 :( ) K A
(2n)! 2n+1)!
°° Y : D" (k0™
a 2m+1 _ (
g n;) 2m mz: 2m+1 mzo (2m)|

= a, cos(kx) + % -sin(kx)

Eg. Solve y”-e*y=0 by series expansions.

=(2a, +6a,x+12a,x> +20a,X’ +......)

{ao+(a0 +al)x+(%+al +a2jx2 +(%+%+a2 +a3)x3+..} =0

a
—=2a,-a,=0, 6a,—-a,-a, =0, 12a4—7°—a1—a2:0
a a, +a a, +a
—a,=—, a,=—"—+", a,=—+—1, ...
2 6 12
a a,+a a,+a
= y=a,+axX+—2x"+| 22— X +] 2—L |x* +....
2 6 12

x> x x! x  x*
=g, l+—+—+—+.. |+ | X+ —+—+...
2 6 12 6 12

=a,Y,(X)+a,y,(X)
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3-2 Method of Frobenius

For P(X)y"+Q(X)y’+R(x)y=0. If Q) and R have a regular singular point at

P(x) P(X)
QM
P(x) . S e :
Xo=0, and R are analytical at Xo=0, then yZZanX is a solution =
2 X n=0
P(x)

r’+Ar+B=0=r=r1, 2
Case 1 ri#r2 and ri-rz is not an integer, then

y1 — zanxm—l’l and y2 — zbnxnﬂ2
n=0 n=0

Case 2 ri-r2 is a positive integer, then y, = Zanxn+rl and
n=0

y, = anxn+r2 + Ay, /n(x) , where A may be 0.

n=0

Case 3 ri=r, then y, =» a,x"™" and y, =y, n(x)+ > b x""

n=0 n=1
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Eg. Solve 3xy”+y’-y=0

(Sol.) y"+ y——y 0, . and 1 have a regular singular point at 0, but
3x 3X 3X
1 x> X :
— == d——=—— are analytic at 0.
3x 3 3x 3

YZZCHX””, y' =2 (n+nC X", y"=> (n+r)n+r-HC x""?,

n=0 n=0

3xy"+y -y = 3Z(n+r)(n+r—l)C X" +Z(n+r)C X" - ZC X"

n=0

=Y (n+1@Bn+3r-2)C x""" - ZCnxn+r
n=0 o

=r(3r—2)C,x" +Z(n+r)(3n+3r—2)C X" - ZC X"
n=1

=r(3r-2)C,x"" +Z(m+ r+1)E3m+3r+1DC,, x™" = > C x™

n

= n=0
=r(3r-2)C, x”+z (+r+)GBn+3r+1)C,,, —C ]x"™'
Cn Dn
nel T (OI' Dn+1: )
(N+r+DH@Bn+3r+1) n+r+HGBn+3r+1)
. rzg, 0:>r1—r2=§ is not an integer: Case 1
C C C C
rlzgjcn+1=—n :>C]=_O, sz—l: 0 5 seey
3 (Bn+35)(n+1) 5 8-2 25.8
— CO
" n!5-8-11....(3n+2)
D D D
r,=0=>D,=——">——=D=-", D,=—", ..,
(n+DH3Bn+1) 1-1 211-4
— DO
" nl-4-7....03n-2)
X) = X"
y(x)= Z(; 15-8-11...... (3n+2) Z(; "n-4-7...... (3n—2)

=C,Y,(X)+Dyy, (%)



Eg. Solve x2y”+ x2y’-2y=0.
2
XXZ =2 1is

(Sol.) y"+y'—%y =0, —% has a regular singular point at 0, but —
X X

analytic at 0.

Ly=Yax™, Py =Y (n+r)(n+r-1a x"
n=0 n=0

=Y (n+na,x™™" => (m+r-Da, x™" => (n+r-ha, x""
n=0 m=1 n=1
X2y"+X2y1_2y
=[r(r-1a, —2a,]x" + Z[(n +r)(n+r—-Da,+(n+r-"na, , -2a,]-x"" =0
n=1

=r=2,-1=1 - =3 isapositive integer: Case 2
[(n+r)(n+r-1)-2Ja, +(n+r-Dha,, =0

n+1 63,

r=2-—a=—-——a,,>a,=(-)"-
n(n+3) ni(n+2)(n+3)

B ( l)n n+2
N = Z “nl(n+1)(n+3)

Let y,(x)= Ay, /n(x)+ anx””2 = Ay, /n(x) + ibnx”-1

— ACY- I(X) + 2Axy! — Ayl+2(n—1)(n 2)b,x"" + Ax?y;en(x)
n=0

+ AXyl + Z(n - 2’)l:)n_1)(r]71 - 22 bnxn71 - 2Ay1£n(X) = O

n=1 n=0

= ARXY; + Xy, —Y,) + 2boX71 - Zbo)(1 + Z[n(n —3)b, +(n- ?_)bn_l]xm1 =0

n=1

= A=0, b, =

n-2 1
b,,=b =-=b,, b,=0, b,=0, ..
n(n 3) n-1 2 0 2 3

1 1
yz(x) = bo[;_gj

© l)nxn+2
yi(x) = ZO ni(n+1)(n+3)

= = Y(X) =C,Y,(X)+C,Y,(X)
1 1
Y,(X)=—-—
X 2

(Ans.) y(x)=c,e* +c,e" - fnx
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Eg. Solve x2y”+ 5xy’+(x+4)y=0.

4 4
X+2 y=0, S and X+2
X X X

(Sol.) y"+§ y'+ have a regular singular point at 0, but
X

5X X+4 .
~—==5and x’-———=x+4 are analytic at 0.
X X
Ly=Dla ™, Xy = (n+r)(n+r—a,x"
n=0 n=0

am_1Xm+r — Zan_lxmr

n=1

NgE

Xyr — Z(n + r)anxmr , Xy = Zanxn+r+1 —
n=0 n=0

3
T

XY ESXY (X +4)Y = Z[(n +r)(n+r—-Dha, +5(n+r)a, +a,, +4a,]x""

n=l1
+[r(r=1)+5r+4Ja,x" =0
=r’+4r+4=0,r=-2,-2:Case 3
[(N+r)(n+r+4)+4Ja, +a,,=0

a -)"a
r:—2:>an:——“j:>an:( )20
n (n!)

. S (_l)n n—
. aoyl(X)Zao'nZ:(;T)z'X ’
Let y, =y, n(x)+ Y b x"?
n=1

= 4y, +2xy; + . (N=2)(n=3)b, X" + > 5(n=2)b,x"* + > b x""
n=1 n=1

+ > 4b X"+ n(x) - [XPy] +5xy; + (X +4)y,]=0
n=1

S ( l)n n-2 bn—l 2( l)n
= E X" =b =2, b, = -
Y e (n!)2 ! n? n(n!)2

2 3 11 25 ,

= X)=vy/N(X)+———+—X——X"+—......
Y2 (X) = %, n(x) X 4 108 576
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