Chapter 4 Laplace Transforms

4-1 Laplace Transform F(s)=L [/(t)]=J:Oe‘St - f(t)dt
Eg. Evaluate L[cos(af)] and L|[sin(a?)].
(Sol.) €™ = cos(at) +isin(at)
iaty _ [* 5-st | qiat _ © | —(s-ia)t
L[e ]_.[Oe e'*dt _[Oe dt

-1 eiap|® 1
_e(s ia)t —

s—ia 0 s-ia
S . a T
= ——— +i1——— = L[cos(at)] +iL[sin( at)]
s“+a s“+a
L{cos(at)] = ——— and L[sin(at)] = —>—
s“+a S"+a
Eg Find _[:e‘ax -cos(bx)dx , with a>0. [2005 & KERHF] (Ans.) ﬁ

Basic theorems of Laplace transforms F(s)=L[f(7)] and G(s)=L|g(?)]:

1. Licif(O)+cg(t)]|=c1F(s)+c2G(s)

Eg. L[-2cos(20)+3sin(29)]. [2010& K YL B

2s 32 :—23+6.
+4 s*+4 sP+4

(Sol.) L[-2cos(2t)+3sin(2¢)]= -2L[cos(2¢)]+3L[sin(2¢)]= ;
S

2. LIf(t)e*|=F(s-a), s>a
(Proof) For s>a, L[f(t)eat]zj: et f(t)etdt= f e L f () dt=F(s-a).
Eg. Find L[e*cos(k?)], L[e*sin(kf)] and L[e"].

k

d LJsin(kt)]= ——
and L[sin(kt)] Tk

(Sol.) L[cos(kt)] = o 1 K2

According to L[ f (t)-e*]=F(s—a) and L[1]= J.:e*“dt L ,
S

k2 5> and L[e‘”]zL
(s—a)° +k s—a

S—a

L[e* - cos(kt)] = m,

L[e* -sin(kt)] =

3. LI ®)I=sF(s)-A0), LI ®)I=s*F(s)-sf(0)-f’(0), LIf*"(#)I=s’F(s)-s’£(0)-s*(0)-f"(0),
and L[f™(0)]=s"F(s)-s""(0)-s"2(0)-s"3f"(0)-....-sf"(0)-£"(0)

(Proof) L[ (£)]= jo“’e*st f(t)dt= j: e~*tdf (t) =™ f{)| |2 - j;” (-s)e™*t - f (t)dt

=0yt [ e - f ()dt=sF(s):A0)
Similarly, L[f’(£)]=s*F(s)-sf(0)-f"(0), and by mathematical induction, we have
L[f(n)(t)]=snF (S)-Sn'lf(())_ Sn'zf’(O)- Sn'3f”(0)- - Sf(n-Z)(O) _f(n-l)(o)
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4, L[ [ f(u)du} - ?

(Proof) L[ j; f (u)du} = r’e-st ; f (u)dudt= j0°° j(:e-st f (u)dudt=j0°’° fe‘“ f (u)dtdu

0

[t (u)dufe“dt=—%f f(W)[0—-e]du %I: fuwedu =?

5. L["fH)]=(-1)"F™(s) 6. L{@} = f’ F(u)du

—st

(Proof of () LI}~ [ & * +f (at= - %<

By mathematical induction, we have L[£*f{£)]=(-1)"F"(s)
Eg. Find L[#].

d © —st _ )
~f(t)dt=-E jo et f(t)dt=-F(s)

d n
ds"

(Sol.) According to L[t" f ()] = (-1)" F(s)and L[1]= J-:e‘srdt = %

da" nl  T(n+1)
n (S ) = Sn+l = n+1

L] =Lt 2= (" < :

7.L[f(t)]=1_i_sT . LT e f(t)dt if firrD=A1)

(Proof) Let t+T=u, t+2T=v, ...
© | —st T st T s ELI
LIfD)]= jo et f(t)dt= joe f (t)dt+ jT et f(t)dt+ LTe - f(t)dt+...

—[le fdt+ [ e ft+T)dt+ [ e f(t+2T)dt+
0 T 2T
T 2T 3T
= jo et f(t)dt+ T jT e ST L (t+T)dt+ 2T LT e 2N L f (t 4 2T)dt +...

=j0T et f(t)dt+ e-sTjOT e f (U)du + 2" jOT e . f(V)dv+...

L [[e - £ty
e

_ STy 25T T st _
=(1+ e*T+e +...)j0e f (t)dt -

1, 0<t<1

Eg. Find L[f(?)] if f(t+2)=f(¢) and f(¢)= {_1 1<t<?’

(Sol.) According to L[ f ()] = 1 175T J.OT e™ . f(t)dt if f(t+T)=f(t)and 7=2,
—e
1 1 2 1 et e t|2
L[ f ()] = | edt -1 e‘stdt} = - +
LTl 1-e® UO +I1( ) 1-e™® [—s 0 s 1}
1 Jl-e*+e*-e"| 1  (-e®)* 11l-e”
1-e® s s (1+e®)(1-e®) s 1+e”®
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Eg. Find the Laplace transform of the given periodical function (triangular

wave). [2022 & KB TE C|

ftt)

(Sol.) Method 1: £{7) t 0<t<d d A+2)=AF)
ol.) Method 1: f(r)= an =f(1), 11
2-t, 1<t<2
1 2 3
[[fmeat . , 1
— Jo — —st \a-StdtT .
L[f (t)]= = [jote dt + L (2-t)edt] =
) L« _te—St e—St & e—St ,
It is known that jte dt = -—-+C and _[e dt =— +C
S S S
1 2 et e’ 1 2% 2e° 20 eg®* g° e
o tetdt+ | (2-t)etdt=——— -+ = — + + G
-[0 -[1( ) s s° s* s S S s s s
e 1 e® e° 1-2e°+e® (1-e7)
R s? T
(1-e®)* 1 (1-e™)?
. L[f(t)]= . =
[ ()] SZ 1_e—25 S2(1_e—25)
Method 2: f(7) Itf(u)du is the definite integral for g(7) 1, 0<t=l
ctho . - 1S c cImite 1nmtegra or = an
- 0 £ g -1, 1<t<2
g(t+2)=g(?). It is known L[g(t)]Zl-l_E{S . By L[Itf(u)du}:@, we have
s 1+e 0 S

L[f (t)]:siz. 1 (1:9:)

1-e .
1+e® 2 1-e®

8. L|f(at)|=|F(s/a)]/a and L[f(t/a)]=aF(as), a>0
(Proof) For a>0, let at=u
S 1 o St 1 o O 1 S
Lflan)= e - f(atydt==["e =" - f(ad(at)== ["e * - f(u)du==F[(>)]
0 a o a o a a
Let =2 = LA L) =L1br) =2 FI(2 )]=aF(as) and then L [F(as)]== [ 1 )]
a a b b a a

9. L|f(t-a)u(t-a)|=e ™ F(s)
(Proof) For £>a, let t-a=u

L[ft-a)u(t-a)]= j:e-st f(t—a)u(t—a)dt= j“’ et f(t—a)d(t—a)
= [ e f(t-a)d(t-a)
=¢™ J.:e’su - f (u)du= e™®F(s), and then we have L '[F(s)e™|=f{t-a)u(t-a)
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10. !im f(t)= IirTL sF(s) if (a) all nonzero roots of the denominator of F(s) must

have negative real parts, or (b) F(s) must not have more than one pole at the origin.
11. |Iln‘2) f (t) = lim sF(s)
Eg. Find L[3¢-5sin(27)]. [2001 & KB

10
s? +4

(Sol.) L[3¢-Ssin(20)]=3L[{]-5L[sin(20)]=> -
S

Eg. Find L[xte®sin(20)]. 20150 SEFIZ P T4 - thELL AT

(SOl " LIf0)]=-F (),
(s-2)°+4
2:20522) _ jZedsin@n)= —20~2)

[(s-2)%+4] [(s—2)? + 4]

(Sol.) L[sin(26)]=—2_,
s’ +4

" L[te*'sin(21)]=

Eg. Find L[e'f(37)] in case of L[f(Y)]=e".
-3

(Sol) 1. L[fB)]=ZeVR) = ; e ¥, Lt f(3)]= %el The result is correct!
_1 1 -1 1 =
2. L[e"-f(t)]=e =, L[e™"- f(3t)]= e(S’ Ri= ge“ . The result is wrong!
Another method: L[e™ - f (3t)] = j et.e. f(3t)dt = j:e*‘“l)t - f(3t)dt
s+l

L A5 )@ 1 A3 s+1) 1 =2
:g.[oe[ ) f(3t)d(3t):§'[0e( ]f(U)d 3 (T] 3°

Eg. Find I:Si”—)((x)dx. [2003 L YEEAT « 1993 33 A FEEHT]

00]
=tan~'(s)
s

sin(t) o Sin(t) e e 1
(Sol.) L{ } joe -Tolt_js L[sm(t)]ols_js ]

Set s=0, f"mdhz
0 X 2

4 1
=——tan—(s
> (s)

Eg. Determine f(0) if the Laplace transform F(s) of f{r) is given as below:
F(o)=—p - 12017 BET AR

SZ

L _ N
(Sol.) f(0)= lim £ (t) = lim sF(s) = lim M D612 1
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4-2 Inverse Laplace Transform L[F(s)]=f(t)

Basic theorems of the inverse Laplace Transforms:

1. L [c1F(s)+c2G(s)|=c1f(t)+c2g(2) 2. L'[F(st+a)] = fit)e™
4 CaST_ £l AN (A f(t—a),t>a
3. L[F(s)-e*]="f(t—a)-u(t a)_{o,t<a
4. L''[F(as)]= [fit/a))/a 5. L [F™(s)]=(-1)""f(?)
6. L[| F(uydu] = f(t) 7. LV[sF(s)|=(0)+(0)6(2)
8. L‘{F(S)} j f (u)du 9. L [1/s"|=""/(n-1)!=t""/T ()
m-1,at
Heaviside’s formulae: L‘l[i]ZAem, L[ B ]:Bt © ,
- (s—a)" (m-1)!
LS 1=ceos(at), LY sz2]=Dsin(a)t)
s°+o +w
a(s

—r)] a cos(at)-e" L’l[%kﬂ sin( ot) -€"
(s-1’+w (s-N"+w

Eg. Find L*F} L—l{l} L‘{%}, L‘{%}and L]
S S S S

(SoL) L [1s"T="/(n-1)!, 1{3 v, Ll[i}—l_t L {1}_ﬁ=ﬁ

L[

o S 1 S a1 27
L[ﬂ:%‘:% By L7 [sF)I= W00 L‘1[1]=L{Sﬂ:oﬂ-a(w(t).
1| 2s-1
Eg. Find L~
2. Fin L( )}
(Sol) o :é £:>A(S -1)+Bs=2s-1=> {A+B:2 o { s=1=>B=1
s(s-1) s s-1 _A=_1 0= A—_1

. al 25-1 4
=4=1,B=1= LL( 1)} L[] L[ ] 1+e'

_12)3 } (2013 A EHH]

Eg. Find L*
(s

(Sol.) L[1/s"="1/(n-1)!, L‘lng}—tz—'—%,andL [F(s+a)] = fH)e,

a=-2, .. Lt ! t2€2t
T (s—2)° 2

~25~



-2s

Eg. Find L‘{ ¢ 4][1993 b [
(s-2)

(Sol.) According to L[F(s)-e*]= f(t—a)-u(t—a), L‘l[(s_2)4 31

o2 |- p2t2) (- 2)3

(s—2)° 31 u(t-2)

LY

2 —
Eg. Find L‘l[ 25 95+19}.

(s—1)%(s+3)

(Sol) 252—293+19: AL A _+ B
(s-D°(s+3) (s-1) (s-1)° s+3

A+B=2 A=-2 ,
4| 25°—-9s+19 t t 3t
=q2A +A,-2B=-9 =:A, =3, L| ————|=—-2e +3te +4e

—1?
~3A +3A,+B=19 |B=4 (-)°6+3

S+2

Eg. Find L‘l[zn[mﬂ. [2005 JLR} B

(Sol.) According to L’l[j:o F(u)du] = @ and L'[F(s+a)]=e™™- f(t)

Ll{fnﬁﬁj} — |_1|:J‘oo (i — ijds:| — 1‘ . [e—t _e—zt]
s+1 s{s+1l s+2 t

s-2
S —4s+4+r

(Sol.) L‘l[ -2 }: L‘{L} —e. Lt {%} — &% .cos(xt)

s’ —4s+4+7° (s-2)°+n° S“ 47

Eg. Find Ll[ - } - [2021 &K EHA]

SZ

s°—2s+3

Eg. Find L‘{ } . [2015 & B

(Sol.) According to L [F(s—a)] =e™ - f(t) and L™*[1]=6(?)
2 —
o =L{1+ 25-3 }=L‘1 O IS
S°—25+3 s°—25+3 (s-D°+2 (s-D1)°+2

=L_{1+ 2s-) 1 J2
(s-12+(2)2 V2 (s-1)?+(2)?

} =5(f)+2cos(V2t)e! - % sin(\2t)e'.
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E 7

Eg. Find Lt [2 e 6]

[2018 & K EH]

t3 1 S+2 14 1 1 S+2 2v2 V2
45+6 2 (s+2)2+(V2)2 3 (s+2)2+(V2)2 2 (s+2)2+(\/—)2 3 (s+2)2+(W2)2 ’

N
2
(Sol.) ="
§+§ _e2tcos(v2t)  2v2e?tsin(V2t)

s2 +4s+6] 2 3

LY

Eg. Determlne f(0) and f{«) if the Laplace transform F(s) of f{¢) is given as below:
FO)= sy 2017 GHIATER]

1 2 t -2t

S 3 3 e 2
(Sol) F($)= ("D sr2) 51 512 =313

, .. f0)=1 and f{oo)=o0

Eg. Solve p’+y+ j; y(u)du =1, p(0) =0. [2011HIEEFH]

(SoL.) s ¥(s)(0)+ ¥(s) - S) 1
= J3
_ 1 1 _ 2. 2 _ 2 N8t
Y(s) Tisal . B B NN = 1(f) \/gsm( 5 )e
(S+E) +(7) (S+E) +(7)

Eg. Solve y’+2y+ j y(u)du =u(z-1), p(0) =0. [2013EBE R AL EHRIERHT]

e Z’L-l[ 1
+1) (s+9)

(Sol.) Y(s) =( ~J=te and L[F(s)e ™= t-a)u(t-a),
S

L (EE(E-1)e D - u(e-1)
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4-3 Laplace Transform Solutions of Differential Equations with Polynomial

Coefficients

Eg. Solve xp”-xy’-y=0, »(0)=0 and y’(0)=3. [1991 B A B
(Sob) LD [ Y00 =Y (5), LIX"y001= (-1 S

LLY® (] =8V (8) 8" y(0) 8" Y/ (0) —---+-— 5+ YD (0) — YO 0)
- LY (9 -0 - YOl (s (9) - YO -Y () = 0

—2sY () =s?Y'(s)+Y(s)+sY'(s)-Y(s) =0

Y (s), and

(=s? +S)Y'(s) = 25Y(s) = 0. Y'(s) +Si_lv(s) 0

=Y(s) = == Y(X) = Axe™, y(0)=3=A4=3, .". y(x)=3xe*

A
(s-1)
Eg. Solve 2y ™+ty*-2y=10, p(0)=y’(0)=0. [2011 & RET-HrEH4H]

(Sol). L[2y”+ly’-2y]=L(10)=%,

2[s*Y (s) ~sy(0) - y'(0)] + (—D%[SY (s) - y(@)]-2Y(s) = % ;

10

-sY (s)+(25>-3)Y(s) = g Y ’(s)+(-2s+§ ) Y(s)=— 2 | (-2s+§ Yds=-s>+31In(s),

exp[-s*+3in(s)]= s%, s% Y'(s)+[-2 s‘e +35% 1Y(s)=-10s e,

[s% ¥(s)]"=-10se™*", s’ ¥(s)=5e> +C, Y(s)z—3 +Cs%*,
S

lim y(t) = lim sY (s)=0= y(t)zgtz

4-4 Convolution and Dirac Delta Function

Convolution in Laplace transform: f{¢)*g(f)= J.; f(t—-a)g(a)da
Theorem L[f(f)*g(?)]= L[J: f(t—a)g(a)da] =F(s)G(s)

Eg. Find L[e' jot e 2" sinh(t — 7) cos(z)dz]. [2015 & AR

(Sol.) L[e" j; e sinh(t - ) cos(r)d] = L[ ‘&2 sinh(t — r) cos(z)d ]

2(t-7) 2

- ° 5 1 e cos(r)dr]=L{ & )*[e‘tcos(t)]}——(———)[

~32~
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Eg. Given f (t) = 2t *[sin(t) —e'], find f{/)=? [2024 & KB

2.1 1. 2 2
s? "sP4+1 s—1 s*(s*+1) sP(s-1)
2 2 2 2 2 4 2 2
=t ———=—

s°+1 s S

(Sol.) L[f(t)]=L{2t=[sin(t)—e']}, F(s)=

F@:é—

2 s-1

f(t) =2+4t—2e" —2sin(t)

Eg. Solve j; f(2)f(t—7)dr = 6t°. [2006 &R B

nt
(Sol.) According to LJt" ]—n—; and L'[1/s"]=""/(n-1) !, [F(s)]*=6L[F]= = 36

F(s)zs—2 = f({)=6t

Eg. Solve y™+y— 4| "y(@)sin(t - 7)dz = e, p(0)=1 and y’(0)=0. [1990 3T AB(ZF]

(Sol.) s*Y(s)—sy(0)—y'(0)+Y(s)— 4Y(s) 1
241 s+2
V() = (s*+D(s+) A . B Cs+D

(s+2)(s*+3)(s-1) s-1 s+2 T 13
(52 1)(s+ D y=A(s+2)(8+3 )+ B(s-1)(s2+3)H( Cs+D)(s-1)(s+2)

Lets=1= 4=A~3-4:>A=% .

Let s=-2= -5=B(-3)- 7= B= %

Let s=0= 1=2-g -2D:DZ% .

Let s=-1=> ozé ~1-4+3 -(-2)-4+(-c+1 )-1)(2)= ng

:Y(S)—y /1 /+ £

s—1 s+2 s°+3 743 s2+3

= y(t) = %e‘ + %e” + gcos(\/gt)+ %sin (\/gt)

Eg. Solve f(t)+2 j; f (r) cos (t — 7)d =4e"+sin(f). [2022 & A B T8 C]

4 1 4s’ +s+5 4 7 8
(Sol.) F(s)+2F(s)- F(s)= = - >+ 3
+1 s+1 s?+1° (s+1) s+1 (s+1)° (s+2)

- fH)=de - Tte™+41e”.
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Eg. Solve f()=3¢*-¢"- J: f(p)edp. 2011 & KB

6 1 1 S 6 1 6 6 1 2
Sol.) F(s)=—-——-——-F(s), —-F(8)=—-—— =
(Sol.) Fs) s® s+1 s-1 (5) s—1 (s) s® s+1 s

= AD=3£-+1-2¢"

Eg. Solve y+e' j; y(r)e"dr = cos(t). [2015 FEEH LN T 4H ~ HEYEEFT

S

s?+1

(Sol) y+ [ Y(e)e"dr = cos(t), pry*ei=cos(t), Y(5)+Y(8) = =

s-1 s 1

i y(t) = cosft)—sin(t)

=Y(s) =

Dirac delta function:

.1
im=,a<t<a
5(t—a)=5a(t)=Iimol[u(t—a)—u(t—a—g)]: sLOg e
d 0, elsewhere
la=Db
Kronecker delta: o, =
O,a=b

Characteristics of Dirac’s delta function:

1. J':&(t—a)dt:l. 2. L[st—-a)]=e™. 3. jif(t)&(t—a)dt:f(a).

4. F(O)*6(t) = Ef(x)&(t—x)dx:f(t) 5. f()S(t—a)=f(a)s(t—a)

Eg. Solve y'+7y=105(t—2).[2024 & KB
10+10e*

(Sol.) sY(s)-10+7Y(s)=10e*, Y(s)= .

2

. y(t)=10e " +10e 7“2 .u(t-2)

Eg. Solve y”+y=3(z-m), p(0)=y’(0)=0. [2017 &R K EH]

(Sol.) s2Y(s)-sy(0)-y (0)+Y(s)= s> Y(s)+Y(s)=€™, Y(s)%,

f(t—a)t=>a
Ot<a

1
s2+1

L-l[

J=sin(7) and L' [F(s)-e *]=f(t—a) -u(t—a)= {
« Y=L [V(s)]=sin[(¢-m)]-u(t-)

Eg. Solve y”+5y°+4y=3+26(¢). [IER}RLARET]
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