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Chapter 4 Laplace Transforms 

4-1 Laplace Transform F(s)=L[f(t)]=
0

( )ste f t dt


   

Eg. Evaluate L[cos(at)] and L[sin(at)]. 

(Sol.) )sin()cos( atiate iat   
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∴ 
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s
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
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a
atL


  

Eg Find 
0

cos( )axe bx dx


  , with a>0. [2005 台大電研] (Ans.) 
𝑎

𝑎2+𝑏2 

 

Basic theorems of Laplace transforms F(s)=L[f(t)] and G(s)=L[g(t)]: 

1. L[c1f(t)+c2g(t)]=c1F(s)+c2G(s) 

Eg. L[-2cos(2t)+3sin(2t)]. [2010台大光電所] 

(Sol.) L[-2cos(2t)+3sin(2t)]= -2L[cos(2t)]+3L[sin(2t)]=
4

2
2 



s

s
+ 

4

23
2 



s
=

4

62
2 



s

s
. 

 

2. L[f(t)eat]=F(s-a), s>a 

(Proof) For s>a, L[f(t)eat]= 


 
0

)( dtetfe atst = 


 
0

)( )( dttfe tas =F(s-a). 

Eg. Find L[eatcos(kt)], L[eatsin(kt)] and L[eat]. 

(Sol.) 
22

)][cos(
ks

s
ktL


  and 

22
)][sin(
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k
ktL


  

According to )(])([ asFetfL at   and 


 
0

1
]1[

s
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∴ 
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kteL at




 , 

22)(
)]sin([
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k
kteL at


 , and L[eat]=

as 

1
 

 

3. L[f’(t)]=sF(s)-f(0), L[f”(t)]=s2F(s)-sf(0)-f’(0), L[f’’’(t)]=s3F(s)-s2f(0)-sf’(0)-f”(0), 

and L[f(n)(t)]=snF(s)-sn-1f(0)-sn-2f’(0)-sn-3f”(0)-…-sf(n-2)(0)-f(n-1)(0) 

(Proof) L[f’(t)]= 


 
0

)(' dttfe st
= 




0
)(tdfe st

=e-st f(t)| 

0| - 


 
0

)()( dttfes st
 

=-f(0)+s 


 
0

)( dttfe st =sF(s)-f(0) 

Similarly, L[f”(t)]=s2F(s)-sf(0)-f’(0), and by mathematical induction, we have 

L[f(n)(t)]=snF(s)-sn-1f(0)-sn-2f’(0)-sn-3f”(0)-…-sf(n-2)(0)-f(n-1)(0) 



～～ 26 

 

4. 
0

( )
( )

t F s
L f u du
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  
    

(Proof)  
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
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



0 0
)(

t
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5. L[tnf(t)]=(-1)nF(n)(s)                        6. 
( )

( )
s

f t
L F u du

t

 
 

 
  

(Proof of (5)) L[tf(t)]= 


 
0

)( dtttfe st = 

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0

)( dttf
ds
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=-
ds

d



 
0

)( dttfe st = -F’(s) 

By mathematical induction, we have L[tnf(t)]=(-1)nF(n)(s) 

Eg. Find L[tn]. 

(Sol.) According to )()1()]([ sF
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7. L[f(t)]=
0

1
( )

1
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e




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   if f(t+T)=f(t) 

(Proof) Let t+T=u, t+2T=v, … 
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=  
T

st dttfe
0

)( + e-sT
 

T
su duufe

0
)( + e-2sT  

T
sv dvvfe

0
)( +… 

=(1+ e-sT+e-2sT+…)  
T

st dttfe
0

)( =  






T
st

sT
dttfe

e 0
)(

1

1
 

Eg. Find L[f(t)] if f(t+2)=f(t) and f(t)=
1 , 0 1

1, 1 2

t
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Eg. Find the Laplace transform of the given periodical function (triangular 

wave). [2022 台大電研工數 C] 

 

(Sol.) Method 1: f(t)=
, 0 1

2 , 1 2

t t

t t

 

 
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


 and f(t+2)=f(t), 
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Method 2: f(t)=
0

( )
t

f u du  is the definite integral for g(t)=
1 , 0 1

1, 1 2

t

t

 

  

 and 

g(t+2)=g(t). It is known L[g(t)]=
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
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
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 
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8. L[f(at)]=[F(s/a)]/a and L[f(t/a)]=aF(as), a>0 

(Proof) For a>0, let at=u 

L[f(at)]= 


 
0

)( dtatfe st =
a

1

 
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Let b=
a

1
 L[f(

a

t
)]=L[f(bt)]=

b

1
F[(

b

s
)]=aF(as) and then L-1[F(as)]=

a

1
[f(

a

t
)] 

 

9. L[f(t-a)u(t-a)]=e-asF(s) 

(Proof) For t>a, let t-a=u 

L[f(t-a)u(t-a)]= 


 
0

)()( dtatuatfe st = 


 
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st atdatfe )()(  
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


 
a

ats atdatfe )()()(  

=e-as



 
0

)( duufe su = e-asF(s), and then we have L-1[F(s)e-as]=f(t-a)u(t-a) 
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10. 
0

lim ( ) lim ( )
t s

f t sF s
 

  if (a) all nonzero roots of the denominator of F(s) must 

have negative real parts, or (b) F(s) must not have more than one pole at the origin. 

11. 
0

lim ( ) lim ( )
t s

f t sF s
 

                

Eg. Find L[3t-5sin(2t)]. [2001台大電研] 

(Sol.) L[3t-5sin(2t)]=3L[t]-5L[sin(2t)]=
2

3

s
-

4

10
2 s

 

Eg. Find L[
𝟏

𝟐
te2tsin(2t)]. [2015中興電研乙丙丁組、中興光電所] 

(Sol.) L[sin(2t)]=
4

2
2 s

, L[e2tsin(2t)]=
4)2(

2
2 s

, ∵ L[tf(t)]= -F’(s), 

∴ L[te2tsin(2t)]=
22 ]4)2[(

)2(22





s

s
, L[

1

2
te2tsin(2t)]= 

22 ]4)2[(

)2(2





s

s
 

 

Eg. Find L[e-tf(3t)] in case of L[f(t)]=e-1/s. 

(Sol.)  1.   ss eetfL 331

3

1

3

1
)]3([   , 1

3

3

1
)]3([ 



  st etfeL . The result is correct! 

2. 1

1

)]([ 


  st etfeL , 3

3

1)3/(

1

3

1

3

1
)]3([ 







  sst eetfeL . The result is wrong! 

Another method: 


 
0

)3()]3([ dttfeetfeL tstt dttfe ts )3(
0

)1(  


  


 







 



0
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3

1
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3

1
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t
s
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u

s
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3

1

0

3

1


 







 


 1

3

3

1

3

1

3

1











 
 se

s
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Eg. Find 
0

sin( )x
dx

x



 . [2003 中央光電所、1993 交大應數研] 

(Sol.)  
 

 







0

)][sin(
)sin()sin(

s

st dstLdt
t

t
e

t

t
L 


 







s
s

s
sds

s
)(tan

2
)(tan

1

1 11

2


 

Set s=0, 



0 2

)sin( 
dx

x

x
 

 

Eg. Determine f(0) if the Laplace transform F(s) of f(t) is given as below:  

F(s)=
𝒔

(𝒔−𝟏)(𝒔+𝟐)
. [2017 台師大電研] 

(Sol.) f(0)= )(lim)(lim
0

ssFtf
st 

 =
)2)(1(

lim
2

 ss

s

s

=1 
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4-2 Inverse Laplace Transform L-1[F(s)]=f(t) 

Basic theorems of the inverse Laplace Transforms: 

1. L-1[c1F(s)+c2G(s)]=c1f(t)+c2g(t)      2. L-1[F(s+a)] = f(t)e-at 

3. 
1

( ),
[ ( ) ] ( ) ( )

0,

as
f t a t a

L F s e f t a u t a
t a

 
 

      


 

4. L-1[F(as)]= [f(t/a)]/a               5. L-1[F(n)(s)]=(-1)ntnf(t) 

6. 1 ( )
[ ( ) ]

s

f t
L F u du

t


               7. L-1[sF(s)]=f’(t)+f(0)δ(t) 

8. 1

0

( )
( )

tF s
L f u du

s

  
 

 
              9. L-1[1/sn]=tn-1/(n-1)!=tn-1/Γ(n) 

 

Heaviside’s formulae: 
1[ ]

A
L

s a




=Aeat, 

1[ ]
( )m

B
L

s a





1

( 1)!

m atBt e

m






, 

1

2 2
[ ]

Cs
L

s 




=C cos( )t , 

1

2 2
[ ]

D
L

s








=Dsin( )t  

1

2 2

( )
[ ]
( )

s r
L

s r





 

 
= cos( ) rtt e   , 

1

2 2
[ ]
( )

L
s r







 
= sin( ) rtt e    

 

Eg. Find 1 1
L

s

  
 
 

, 1

2

1
L

s

  
 
 

, 1

3

1
L

s

  
 
 

, 1

4

1
L

s

  
 
 

, and  1 1L . 

(Sol.) L-1[1/sn]=tn-1/(n-1)!, 








s
L

11 =
!0

0t
=1, 









2

1 1

s
L =

!1

t
=t, 









3

1 1

s
L =

!2

2t
=

2

2t
, 










4

1 1

s
L =

!3

3t
=

6

3t
.   By L-1[sF(s)]=f’(t)+f(0)δ(t),  11L = 










s
sL

11 =0+1∙δ(t)=δ(t). 

 

Eg. Find 
1 2 1

( 1)

s
L

s s

  
 

 
. 

(Sol.)
2 1

( -1) 2 -1
( 1) -1

s A B
A s Bs s

s s s s


     


 








1

2

A

BA
 or 









10

11

As

Bs


A=1, B=1
 

-1 1 -12 -1 1 1
[ ] [ ] 1

-1 1

ts
L L L e

s s s s


 

     
 

 

Eg. Find 
1

3

1

( 2)
L

s

  
 

 
. [2013 成大電研] 

(Sol.) L-1[1/sn]=tn-1/(n-1)!, 








3

1 1

s
L =

!2

2t
=

2

2t
, and L-1[F(s+a)] = f(t)e-at,  

∵ a=-2, ∴ 












3

1

)2(

1

s
L =

2

22 tet
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Eg. Find 
2

1

4( 2)

se
L

s


  
 

 
. [1993 中山電研] 

(Sol.) According to )()(])([1 atuatfesFL as  
, 

2 3
1

4

1
[ ]
( 2) 3!

te t
L

s

 



 

 
2 2( -2) 3

1

4

( -2)
[ ] -2  
( 2) 3!

s te e t
L u t

s


 

 


 

 

Eg. Find 
2

1

2

2 9 19

( 1) ( 3)

s s
L

s s

   
 

  
. 

(Sol.) 
3)1()1()3()1(

1992
2

21

2

2














s

B

s

A

s

A

ss

ss
 

















1933

922

2

21

21

1

BAA

BAA

BA

















4

3

2

2

1

B

A

A

, 












)3()1(

1992
2

2
1

ss

ss
L =

ttt etee 3432   

 

Eg. Find 
1 2

1

s
L n

s

    
    

. [2005 北科大電研] 

(Sol.) According to 


 
s t

tf
duuFL

)(
])([1  and )()]([1 tfeasFL at  

 
















































s
ds

ss
L

s

s
nL

2

1

1

1

1

2 11  ][
1 2tt ee
t

   

 

Eg. Find 1

2

+5

+4 5

s
L

s s

  
  

. [2025 台大電研] 

(Sol.) 

1 1 1 1 1

2 2 2 2 2

+5 +2+3 ( +2)+3 +2 3
= =

+4 5 +4 4+1 ( +2) +1 ( +2) +1 ( +2) +1

s s s s
L L L L L

s s s s s s s

            
                   

 

=cos(t)e-2t+3sin(t)e-2t 

 

Eg. Find 𝐿−1[
𝑠

2
+

7

3

𝑠2+4𝑠+6
]. [2018 台大電研] 

(Sol.) 

𝑠

2
+

7

3

𝑠2+4𝑠+6
=

1

2
∙

𝑠+2

(𝑠+2)2+(√2)2+
4

3
∙

1

(𝑠+2)2+(√2)2=
1

2
∙

𝑠+2

(𝑠+2)2+(√2)2+
2√2

3
∙

√2

(𝑠+2)2+(√2)2 , 

 𝐿−1[
𝑠

2
+

7

3

𝑠2+4𝑠+6
]=

𝑒−2𝑡𝑐𝑜𝑠(√2𝑡)

2
+

2√2𝑒−2𝑡𝑠𝑖𝑛(√2𝑡)

3
. 
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Eg. Find 
2

1

2 2 3

s
L

s s

  
 

  
. [2015 台大電研] 

(Sol.) According to )()]([1 tfeasFL at   and  11L =δ(t) 














322

2
1

ss

s
L = 














32

32
1

2

1

ss

s
L = 

















2)1(

1

2)1(

)1(2
1

22

1

ss

s
L  

= 
















2222

1

)2()1(

2

2

1

)2()1(

)1(2
1

ss

s
L =δ(t)+2cos(√2t)et -

2

1
sin(√2t)et. 

 

Eg. Determine f(0) and f(∞) if the Laplace transform F(s) of f(t) is given as below:  

F(s)=
𝒔

(𝒔−𝟏)(𝒔+𝟐)
. [2017 台師大電研] 

(Sol.) F(s)=
𝑠

(𝑠−1)(𝑠+2)=

1

3

𝑠−1
+

2

3

𝑠+2
, f(t)=

𝑒𝑡

3
+

2𝑒−2𝑡

3
, ∴ f(0)=1 and f(∞)=∞ 

 

Eg. Solve y’+y+
0

( )
t

y u du =1, y(0) =0. [2011中正電研] 

(Sol.) sY(s)-y(0)+Y(s)+
s

sY )(
=

s

1
,  

Y(s)=
1

1
2  ss

=
22 )

2

3
()

2

1
(

1

s

= 
22 )

2

3
()

2

1
(

2

3

3

2





s

 y(t)= 2)
2

3
sin(

3

2
t

e
t 

 

Eg. Solve y’+2y+
0

( )
t

y u du =u(t-1), y(0) =0. [2013台聯大系統電機類聯招] 

(Sol.) Y(s) =
2)1( 



s

e s

, L-1[
2)1(

1

s
]=te-t and L-1[F(s)e-as]=f(t-a)u(t-a),  

∴ y(t)=(t-1)e-(t-1)．u(t-1) 
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4-3 Laplace Transform Solutions of Differential Equations with Polynomial 

Coefficients 

Eg. Solve xy”-xy’-y=0, y(0)=0 and y’(0)=3. [1991 成大電研] 

(Sol.) L[y(x)]= 


 
0

)()( sYdxexy sx , )()1()]([ sY
ds

d
xyxL

n

n
nn  , and 

)0()0(')0()()]([ )2(21)(   nnnnn ysysyssYsxyL  )0()1(  ny  

0)()]0()()[()]0()0()([ 2  sYyssY
ds

d
ysysYs

ds

d
 

0)()()()()(2 2  sYsYssYsYsssY  

0)(2)()( 2  ssYsYss , 0)(
1

2
)( 


 sY

s
sY  

xAxexy
s

A
sY 


 )(

)1(
)(

2
, y’(0)=3A=3, ∴ y(x)=3xex 

Eg. Solve 2y”+ty’-2y=10, y(0)=y’(0)=0. [2011 台大電子所甲組] 

(Sol). L[2y”+ty’-2y]=L(10)=
s

10
,  

)(2)]0()([)1()]0()0()([2 2 sYyssY
ds

d
ysysYs 

s

10
 , 

-sY’(s)+(2s2-3)Y(s)
s

10
 , Y’(s)+(-2s+

s

3
)Y(s)=

2

10

s
 , ∫(-2s+

s

3
)ds=-s2+3ln(s), 

exp[-s2+3ln(s)]=
23 ses 
, 

23 ses 
Y’(s)+[-2

24 ses 
+3

22 ses 
]Y(s)=-10s

2se
,  

[
23 ses 
Y(s)]’ =-10s

2se
, 

23 ses 
Y(s) =5

2se
+C, Y(s)=

3

5

s
+C

23 ses 
, 

)(lim)(lim
0

ssYty
st 

 =0 y(t)= 2

2

5
t  

 

Eg. Solve (1-t)y”+ty’-y=0, y(0)=3, y’(0)=-1. [2025 成大電研] 

(Sol.) y”-ty”+ty’-y=0, 0[ ” ” ’ ]L y ty ty y    , 

2
2 [ ( ) (0) '(0)] [ ( ) (0)]

( ) (0) '(0) ( 1) ( 1) ( ) 0
d s Y s sy y d sY s y

s Y s sy y Y s
ds ds

  
         

2
2 [ ( ) 3 1] [ ( ) 3]

( ) 3 1 ( ) 0
d s Y s s d sY s

s Y s s Y s
ds ds

  
      , 

2 2( ) 3 1 2 ( ) '( ) 3 ( ) '( ) ( ) 0s Y s s sY s s Y s Y s sY s Y s         , 

2 2( ) '( ) [ 2 2] ( ) 3 2s s Y s s s Y s s       

2 2 2 3 2
'( ) ( )

( 1) ( 1)

s s s
Y s Y s

s s s s

  
 

 
, 

2 1 2 5
'( ) (1 ) ( )

1 1
Y s Y s

s s s s


    

 
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)
2 1

( 2ln( ) ln( 11 )
1

ds s
s s

s s 


  , 
2ln( ) ln( 1) 2 ( 1)s s s se s s e      

2 2 2[ (( )]' 2 5( 1) 1) 3 2s s s s ss Ys e s s e s es s e se       , 

2 2)( 1) 3 4 4(s s s ss sY ss e s e e e    , 
2

3 4
( )

1
Y s

s s
 


, ⸫ y(t)=3et-4t 

 

4-4 Convolution and Dirac Delta Function 

Convolution in Laplace transform: f(t)*g(t)=  
t

dgtf
0

)()(   

Theorem L[f(t)*g(t)]=  
t

dgtfL
0

])()([  =F(s)G(s) 

 

Eg. Solve 2sin(at)*cos(at). [2024 成大電研] 

(Sol.)     2 2 2 2 2 2 2 2 2

2 2 1
[ ]* = ( 1)

( )
2

a s as d
L a

s a s a s a ds s a
sin at cos at

 
          

 

By L-1[F(n)(s)]=(-1)ntnf(t), 2sin(at)*cos(at)= 1

2 2

1
{ ( 1) } sin( )

d
L a t at

ds s a

  
     

 

 

Eg. Given ( ) 2 [sin( ) ]tf t t t e   , find f(t)=? [2024 台大電研] 

(Sol.) 
2 2 2 2 2

2 1 1 2 2
[ ( )] {2 *[sin(t)-e ]} [ ]

1 1 ( 1) ( 1)

tL f t L t
s s s s s s s

     
   

 

2 2 2 2 2

2 2 2 2 2 4 2 2 2
+ + +

1 1 1 1s s s s s s s s s
     

   
 

∴ 1

2 2

4 2 2 2
( ) [ + ] 4 2sin( ) 2 2

1 1

tf t L t t e
s s s s

      
 

 

Eg. Solve 3

0
( ) ( ) 6

t

f f t d t    . [2006 台大電研] 

(Sol.) According to ][ ntL
1

!
n

n

s 
 and L-1[1/sn]=tn-1/(n-1) !, [F(s)]2=6L[t3]=

4

36

s
,  

F(s)=
2

6

s
 f(t)=6t 

Eg. Solve f(t)=3t2-e-t-
0

( )
t

tf e d 

 . [2011 台大電研] 

(Sol.) F(s)=
3

6

s
-

1

1

s
- )(

1

1
sF

s



, )(

1
sF

s

s



=

3

6

s
-

1

1

s
, F(s)=

3

6

s
-

4

6

s
+

s

1
-

1

2

s
, 

 f(t)=3t2-t3+1-2e-t 
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Eg. Solve y”+y 2

0
4 ( )sin( )

t
ty t d e      , y(0)=1 and y’(0)=0. [1990 交大電信所] 

(Sol.) 
2

1

1

1
)(4)()0()0()(

2

2







ss
sYsYysysYs  

)1)(3)(2(

)1)(1(
)(

2

2






sss

ss
sY

321 2 










s

DCs

s

B

s

A
 

(s2+1)(s+1)=A(s+2)(s2+3)+B(s-1)(s2+3)+(Cs+D)(s-1)(s+2) 

Let s=1 4=A∙3∙4A=
3

1
.  

Let s=-2 -5=B(-3)∙7B=
21

5
.  

Let s=0 1=2-
7

5
-2DD=

7

1
.  

Let s=-1 0=
3

1
∙1∙4+

21

5
∙(-2)∙4+(-C+

7

1
)(-1)(2)C=

7

3
 

)(sY
3

3

37

1

3

7
3

2

21
5

1

3
1

22 











ss

s

ss
 

   tteety tt 3sin
37

1
3cos

7

3

21

5

3

1
)( 2  

 

Eg. Solve f(t)+2
0

( ) cos ( )
t

f t d   =4e-t+sin(t). [2022 台大電研工數 C] 

(Sol.) 
2 2

4 1
( ) 2 ( )

1 1 1

s
F s F s

s s s
   

  
, F(s)=

2

3 2 3

4 5 4 7 8

( 1) 1 ( 1) ( 1)

s s

s s s s

 
  

   
 

⸫ f(t)=4e-t-7te-t+4t2e-t. 

 

Eg. Solve y+
0

( ) cos( )
t

te y e d t   . [2015 中興電研乙丙丁組、中興光電所] 

(Sol.) y+  
t

t tdey
0

)cos()(   , y+y*et=cos(t), 
11

1
)()(

2 





s

s

s
sYsY  

1

1
)(

2 




s

s
sY

1

1

1 22 





ss

s    ttty sincos)(   

 

Dirac delta function: 

0

1
( ) ( ) lim [ ( ) ( )]at a t u t a u t a


  


       0

1
lim ,

0,

a t a

elsewhere







  

 



 

Kronecker delta: 
1,

0,
ab

a b

a b



 


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Characteristics of Dirac’s delta function: 

1. 



 1)( dtat .  2. 

aseatL  )]([ .  3. ( ) ( ) ( )f t t a dt f a



  . 

4. 
0

( )* ( ) ( ) ( ) ( )
t

f t t f x t x dx f t       5. )()()()( atafattf    

 

Eg. Solve ' 7 10 ( 2)y y t   , y(0)=10. [2024 台大電研] 

(Sol.) 
2( ) 10 7 ( ) 10 ssY s Y s e   , 

210 10
( )

7

se
Y s

s





,  

 
7 7( 2)( ) 10 10 ( 2)t ty t e e u t       

 

Eg. Solve y”+y=δ(t-π), y(0)=y’(0)=0. [2017 台聯大電研] 

(Sol.) s2Y(s)-sy(0)-y’(0)+Y(s)= s2Y(s)+Y(s)=e-πs, Y(s)=
𝑒−𝜋𝑠

𝑠2+1
,  

∵ L-1[
1

𝑠2+1
]=sin(t) and








 

at

atatf
atuatfesFL as

,0

),(
)()(])([1

  

∴ y(t)=L-1[Y(s)]=sin[(t-π)]∙u(t-π) 

 

Eg. Solve y”+5y’+4y=3+2δ(t).【北科大土木所】 


