Chapter 5 Fourier Analysis

5-1 Fourier Transforms and Inverse Fourier Transforms

Fourier Transform pair defined in Engineering: i=j=\/—_1 for EE
) =3[ f(x)]= I (x)e™""dx

f ( =“1[F ]_—m e dw

, where @w=27v.
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Note: J {3 [f(x)]}=2nf(-x).
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Fourier Transform pair defined in Mathematics:

F(0)=3[f(x)] E%[’; f (x)e " dx
, where w=27nv.

a))eia’xda)

f(0)=5"[F(0))==[ F

Fourier Transform pair defined in Physics/Optics:
G()=3[a(x)]=]" g(xp*"dx
g(x)=3"[G(f)]=]" G(f)e*"df

Parseval’s Identities for Fourier Transform pairs 3 [f(x)]=F(®) and

3 [g™)]=G(w):
[1ee1 dx_—j | F()[? deo and f;f(x)g*(x)dx:%jilz(w)@*(w)dw

o

Continuous Spectrum of f{r): f(t) = ir F (w)e"dw

27 9> » '
Convolution in Fourier Transform: f(t)*g(t) = J'_w f (r)g (t — z')d T / :

Correlation in Fourier Transform: f(t)y%g(t) = f f (r) g(r - t)d T

Time Series Flattened Data Cross-Correlation (F*G)
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http://faculty.pccu.edu.tw/~meng/Cross_correlation_animation.wmv
http://faculty.pccu.edu.tw/~meng/Cross_correlation_animation.mp4

Convolution Cross-correlation Autocorrelation

...............

Basic theorems of Fourier Transforms 3 [f(x)]=F(w) and 3 [g(x)]= G(®):
1. 3 [af(x)tbg(x)|=aF(®)+bG(w)
2. 3 [flax)|=[F(w/a)l/a and T '[F(aw)]=|f(x/a)]/a, a>0

(Proof) For a>0, let ax=u, 3 [f(ax)]=J.w g x. f(ax)dx=£ Jm e_i(g)ax~ f (ax)d(ax) =
—o0 a v

e =t 2y
a s a a

BAEBASE
RS EARSRMERS

3. 3 [f(x)e"""]=F(w-);;('i ‘S 1[(-(1)]=f(x)e"“’X
(Proof) 3 [fix)e™]=[" e f(x)e™dx =" e . f (x)dx =F(e-a)

=TT T
REARIURER AERSELRKELE
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http://faculty.pccu.edu.tw/~meng/2023文大電機系宣傳影片鄭宛琳與鄭敏妤特寫.mp4
http://faculty.pccu.edu.tw/~meng/FTV-bugua.WMV

4. I[PO)]=ioF(®), 3 [f™ ()]=(io)"F(®) in case of fz0)=f"(*0)=f"(*w0)=...=0
(Proof) I[F]=[ e ™ f(x)dx=[" e df (x)
= x| |7, - I: (—iw)e ™. f (X)dx = e™@*f{o0)- e f-00)+iw f; e f (X)dx = iwF(w)

By mathematical induction, we have 3 [/ (x)]=(iw)"F(w) if
S(Eo0)=f"(£0)=f""(£0)=...=0.

5. JI)*g)=F(0)G(w)

6. I [g*¥()kf(X)]=F(0)G*(w), where g*(x) and G*(w) are the conjugate
complexes of g(x) and G(w), respectively.

7. 3 [fix-a)]= e“F(w) and J '[e™F(w)]|=f(x-a)

(Proof) Let x-a=u, 3 [fix-a)=[ e -f(x-a)dx=]"e™* - f(x-a)d(x-a)

—priaw [’0 e—iw(x—a) f (X . a)d (X _ a) =piaw Ijo e—iwu f (U)dU — e-iawF(w)

8. I xx)]=()"F™(®)
~ _ [ 4-iox _ [ d i . d = _iex
(Proof) 3 [xf(x)]—_[_we - xf (x)dx _Lo'%e - f(x)dx —z%LOe - f(x)dx

=iF’(w)
By mathematical induction, we have 3 [x"(x)]=(i)"F™(w).

9. I[0(x)]=1, I [1]=2né(®w), and J [¢“¥|=2nd(w-a)

Eg. Find (a) J3[1], (b) I [€“], (¢) T [sin(ax)], and (d) T [cos(ax)].

(Sol.) (@) I[0(0)]=1, I [1]=6(x), % I2 1 et % dw=4(x),

J2 1-el%dw=2md(x), [ 1-eFdw=[" 1-e T @WNdp=[" 1. iNwdq
=270(x).

Let o be replaced by u, and -x be replaced by v, we have ffooo 1- e~ PUdu=2nd(-v)=
21d(v) because d(x) is an even function.

Let u be replaced by x and v be replaced by w, we have

J2 1 em 0% dx=F[1]=2n(w)

(b) .° I[x)e*|=F(w-a), .. J[*]=2nd(w-a)

iax_ ,—iax

(c) sin(ax)Ze , 3 [sin(ax)]=3 [%]Z-in[é(w-a)-é(w+a)]
=in[o(w+a)-o(w-a)]

(d) cos(ax)y ="

3 [eos(@)]= 3 [t = fo(w-a)y (@ a)l.

Eg.Find J[e“M] and J[e™)].

(Sol) [ e e ax= [ e e dx+ [ e e " ax
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1 1 2 —a|X| N
:a—ia)+a+ia):a2+awzzs[e ||],For a=1, [e"]_

1+ @?

foy=e F(o)=

Eg. Determine 31{ 21 }.[2013 FRAEERT
o +1

2a
a’+ow’

(Sol.) 3‘1[ 22a Z}Ze‘a'x' and a=1, S‘l{ 21 }:13‘1{ 22 }=1e"x'
o +a o +1) 2 o +1) 2

Eg. Find (a) 3 [xe™], (b) 3 [e?M], (c) Sl{ : 2}’ (d) J'°° o
4+ w =@’ +4

if I x)cos (2x)dx = e 2. ST/ iiEaE

(Sol.) S[e‘a'x']zﬁ (a) According to 3[x"  (x)]= (i)’ dda:“ F (o),
—ax | _ alx| a 2a _ —4daiw -
J[X e ] |da)\5[e ]_Ida)(a2+a)2j (a2+a)2)2’ a=1 J[xe ]
3| 4 — a2
(bya=3,3[e ] 5 (©a=2, [4+w2}—e

@3 4 :i T g = e
44+ w 2r 4+ w

x=1, 2 [ % gegy-e?, gr; ~[cos o +isin wdw =€

2r =4+ w =4+ @
% COS @ T

I (-eeee =0,R (- 20, .. dow = Fe2

(o) () Lo, rdo=3
(e)rog_ C(Z)Sa) de — "y 2 CoS @ da — ooi cgsw dao

7 w +4 Oﬂa)+4 07T w°+4
Set w=2x, [ 4. 082X 2dx=e = [" f (x)cos (2x)dx, .". fF=2

0z 4X*+4 0

e t>0
Eg. Find the Fourier transform of f(t)={ 0 t<0 " [2017 €8t B
<

1

- it gy _ (° —iot ® —at  a—iotyy _ a-iw
(Soly [~ f(r)-e™dt=] o0-e dt+j0e e dt—0+a+iw_a2+w2
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Eg. Find \5{ ! 2} and J % .
a’ +x a? +(x+b)

(Sol) e )= —, e‘a'x'=3_l{ : }:i T2 edo
a’

+ w? a’+w® 274 a? +w’
a o 1 i
:—I 5 € (=X)e g g
—a’+tw
o 1 1 i T
. I - 2e Hogdgp =" Set u—-x:_[ e dep = e
*ra +tw a

»a’ +w’ a

1 0 1 5 T
Set x=w, w=u, 3I| ——— =I —— e “dx=—-e 3ol
a +X —ca” +X a

i

e S
! I

fo= Floy=Ze

a +X

o3[ f(x-a)]=e"*F (o), .. S{—a%(l }:eiwb.ﬁealwl

x+b) a

Eg. Find \5[ ! 2} and I e ¥ . cos(x)dx.

+ X
Togol g3, 0 5|t =T el
9+x 3

(Sol.) \s[

1 < 73‘ a)‘ 7T *3‘50‘ Tax _ 1 © —3‘ a)‘ . .
—.e e'dw==| e -[cos(wx) + i sin( wx)]d
s e = ﬂLS o=2[ e [cos(ax) +isin(@)]de

l,(.)=0,R,(...)=0. Set x=1, we have f e el -cos(a))da)=§

Eg. Determine S[ﬁ] . [2003 ERIKER

EEe 1 _ [~ 1 —iot _z‘ —ala| n d"
(Sol.) . \{a2+t2}_ wa2+tze dt—a e and 2 [t f( )] (i) F(a))

do"
. o~ 1 ~ a ~ It T alo —a|o)| —-a| |
1= - —]=a- e - [ e =727 . [1- sgn( )]
a+it a“+t a“+t a
0, w>0
= . @ =272% -u(-w)
2% w <0
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Eg. Find J(e%).
(Sol.) J‘: e—azx2 e Xy = J-: efaZ(xuia%xjdX _ e% J_: e_az[xznazx—‘la‘l} dx

wZ

_ az[x+i ® T —o? »
— po — — o 22 .
=e4a2 J. e 2a° 'dX=e4{’12 J. g2 'dU(—(U=X+|Fj
—o0 —0 a

—£022 o po _g2(y24y? w 27 2.2
=ﬁe4a1 Note: _[ e V)dudv:'[ _[ e rdrdezizj
a —0J—0 o Jo a
A
1
fro=e¥ F(co)=£eK
a
Note: f{x)=——— and g(x)= e are similar to each other. But their
a? +x /.

respective Fourier transforms look quite different!

Lorentzian function

Eg. Determine S[xe”‘z] . [20226 KRB T&C]

(Sol.ya=1, .". Je*]=+/ne ¢

Fourier Transform
pr—
- /{
—iwN e * I

e 1—i 9 (o ! i
\S[Xe ] - dw (J;e ) B Ro=e "0 LS mwfe ™

2w - (4/w)=5 is a constant!

Eg. Determine Sfl[e*bz”2 ]

2

-0
NTT ® a2

(Sol) J(e™)="Fe4’, I e -e“”XdX:Iw e @ giexgy
a % —00

7(1)2 —6()2
:j” e 2 git-ougy =£eﬁ, i * e—azu2 ey =LEE
0 a 279 2ar

-w—x and a—b (simultaneously), and then u—w
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Eg. For t tangular functions: _Jhxist —1’|X|§2fd
g. For two rectangular functions: f{x)= O,|x|>l’g(x)_ O,|X|>2’ in
@ SUWL®) 3l © [ ) X DefEE ], ana [ 24
[2008 A EHH.
- i e—la)X 1 _ e—iw _eiw ~ 2(eiw _e—ia)) B 2sin (0))
(Sol) (@) ‘S[f( )] -[ o _—Ia) -1 i 21w o
P ERAZ R ERRABGONR *

d -ﬂ!}d M
Syne Function ERGRRENEIIEBERBRAR
1 0]
b 3 f = F | 09
o sltaol-1F(2). o
3g (x)]:S[f (5)}:2 2sin(20)  2sin(2m) K
2 20 ) .
_~1)2siN@ 1 (= 2sinw .« —
- - dw, i
(c) fix)=3 { - } 27:-[—00 - e
© SN X ?
(0) [ v %

(d) According to I | f(x |dx——.[ | F(o)? do,

(e
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Optical Fourier Transform Optlcal Slgnal Processmg

LL

"Input" plane, containing one  Multiplicative transmission mask,

containing FT G (ky.ky) of 2%
function, g(z,y).

of the two functions to be
cross-correlated, f(z.y), say.

FT of f(xy) i.e. F(ky.ky)is
formed in this plane.

flzy) *9(x.y)

Input Plane FTL Fourier Plane | n ||l n |
. ﬁ/ n A U B C U D
R, | gy \ ~— —
———
a(x,y) A(u,v)

1f long

Examples of Optical Signal Processing

Fourier transform atB

The resulting edge-enhanced image
aD

Input Image

Applying a high-pass filter to the
Fourier transform at ¢

Examples of Optical Signal Processing

(Cont’)

Input Image

Fourler transform atB

Applying a low-pass filter to the

Fourier transform at C The resulting image at D
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Comparison between Phase Contrast Microscopy by Optical
Signal Processing (Left) and Conventional Image Processing of
Sharpening Edges (Right)

Summary

19 F(o)= Examples

S[F(X)]
_[Lix|sa | 2sin(ae)
f( ) 0 1 | X|>a w %"}

k] 2a 5 e_%lxl 1 4 S[e"x'] 2
—2 2 = = s =72
a’+w oyl A0+l o® +1

4
4 6

sle20]= , Jle ¥ |= , etc.

[ ] 0)2_'_ [ ] 602+9
1 T a8l
o AR e BRSO el B
X 44X 2

S{ 1 2} e, ete

9+x 3
o |36ty = 2w L 3E7) = et |
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5-2 Fourier Series of a Periodical Function

Video Example of Fourier Series of Periodical Rectangular Function:

4sin@
n
. NA
4sinf , 4sin36 > U
n 3n \

L
= VAT Wr. ——

4sin@ +4sin36 4sin56Jr 4sin76
n 3 5m n

\n/
4sin@ +4sin36 | 4sin56
n 3n 5m 3 |
N

Video Example of Fourier Series of Periodical Sawtooth Function:

2sin@ e
-1
/\|
2sin@ _ 2sin26 3 51 AN
\ /
- 2mn o

2sin@ + 25in26+ 2sin36

—-n 2n —-3n : s /\/

2sinf | 2sin26 , 2sin36 _2sin46 R
-1 2mn -3n an :

J L
:\/\/90(1+2L4+3L4+%+---]
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https://www.youtube.com/watch?v=etaa0VXUPlI&list=UUXyoiAylnsGVUbUQ7KRfL4g
https://www.youtube.com/watch?v=rt097WEL7EA&list=UUXyoiAylnsGVUbUQ7KRfL4g&index=2
http://faculty.pccu.edu.tw/~meng/圓周率之曲.mp4

Fourier series: f(x) is a periodical function with period=2L and defined on an interval:
-L=x=L. fix+2L)=f(x), and then ](x) =2+ Z{a cos( j +b, sin (%H , where

ﬁ=iLf dx a, =— J. cos dx, andb_—.[ S|n%dx
2 2Lt L

odd a,=0
In case f(x) 1S even — b,=0

Parseval’s Identity for Fourier series: —I | f | dx=—>+ Z[a +b? ]

Orthogonalities:

L nzx mzzx O,n=m L. (nax) . (mzax O,n=m
jcos —— |cos| —— |dx = and jsm —|sin| — |dx =
-L L L L,n=m -L L L L,n=m

X,0<x<2
-X,—-2<x<0

|y Eg. Expand f(x)={ s flx+4)=f(x)

; ; . . . . . 1 1
T % o o T >+ ¢ s ~~ into Fourier series and 1+3—2+5—2+~-

X,0<x<2

% peyep O, 2L=4,1=2,

(Sol.) f(x)z{
) a 1 ¢L 17 ¢0 2

" Even function, .". bn=0, -2 =— f(X)dX:—U —XdX+I XdXJZl
2 2Lt 4172 0

== J’ X)cos (—) dx = UOZ— X cos(%) dx + J: xcos(%) dx}

2 2 n7x 2% . nax 4 nzx. |2
=—.| xcos(—)dx =| —sin —cos(——
2 IO ( 2 ) Nz 2 nznz( ( 2 )ﬂ‘o

-8

,h:odd —
= 242[cos(n7z)—1] n2z? —822,m=1,2, ------
Nz 0.n:even (2m-1)'z
4 nzx 8 zx 1 33X
f(x)=1+ cosnn 1)cos(—) =1——| COS— 4+ —COS—— +......
( Zan 2 ) ( 2 ) 7[2( 2 32 2 )
f(0)=0=1—%(COSO+%COSO+%COSO+ ...... j
T 3 5
1 1 1 7’
Sl s+t =—
3¥ 5 7 8
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In Matlab language we can use the following instructions to obtain the finite sum of
2i —1)7x
1+Z p (cosnz — 1)cos(—) 1- Z s(( ) ).

(2 1) 2
>>x = 0:0.001:4*p1; y=1; |
>>for i=1:5 A
yy-BFCos(241) *pitn/2)/(2*i-1 Y 2pi2
L

end
>>plot (x.y)

1-%005(%) 1—i cosﬁ+ic033ﬁj
T

2
5/\/\/\/ : \/\/\

8 ax 1 3zx 1 57x
1—2(0032+32005 +—-C0s j 1—8(cosﬂx+1cossﬂx+lcossm+1003770()

V4 2 52 2 2 32 2
4
1_£ Cosﬁ+icos3ﬁ+icos5ﬁ+icos77ﬂ+icosgﬁ 1+Z p (cosnz — 1)cos(—)

AVAYAN

/VV\
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g Eg. Expand f{x)= {LOSXSZ and
-1,-2<x<0
il i ., fix+4)=f(x) into Fourier series. Find (a)
¢ 4 =+ 4 d % h 4 § L) (_1)m+1
;m and (b) Z _1) - BUEE
HEEEE

1,0<x<2

Sol) 2L=4,L=2, f(x)=
(Sol) ) {—1,—2sxso

X)=20 3 a, cos| 2 |+b, sin| X || - Odd function, .". a0, Vn
2 L L

b, = %J'_LL f (x)sin (nTm(j dx = %U‘()Z_Sin(nngdx + Ism( > jdx}

:i_ZCL(n”):i[l—cos (n7)]= f(x):g{%[l—cos (nﬂ)].sin(%j}

nxz nx nx
(@) Set x=1,
. (nx 4 11 1 1
=1= [1-cos ( Sin| — |b=—<{1-S4+ =4 —4.....
Jet=$f2 oo oo ) 222 1L
m+1
TETENESE S HC A
3 9 “(2m-1) 4
2 0
®) LI T0r ax=2 s 3 e 407
1 2 4 16 1 1 1
Ej_zlzdx:Z:nZ;nzﬁzl cos(nz)f’ :?[1+§+5—2+?+ ...... }
1 1 - 1 7’
I+—=—+=—+—+...... = =—
= +32+52+72+ ;(Zm—l)z 5
1 1 1 1 1 1 1 1
. T = 4 (1—— 5—74‘5—4‘ ) 8'(1+3—2+5—2+7—2+?+...)

In Matlab language, we can use the following instructions to obtain the finite sum of

512 p-cos (ool sn "2 -

s (4 (Qi-Dm w
g{@i—l)n's'”( 2 )} |

>>x = 0:0.001:4*pi; 0
>>y=0; 05
>>for i=1:5 4
y=y+4*sin((2*i-1)*pi*x/2)/(2*i-1)/pi 15}
end
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http://faculty.pccu.edu.tw/~meng/SquareWave.swf

>>plot (x,y)

n=1

2 sin 2 z{% L cos (n7)] s (nTﬂXj}

74N yax 75,

g{% [t-cos (nz)]-sin (nTﬂX)} g{% [1-cos (nz)]-sin (nTﬂXJ}

“ \/\/' '\/\/' '\/\/' ‘\ ] VAV I | v | ' A I
WA W\ W 1 : AVAVAY AVAVAY AVAVAY
10 20
Z{nzﬂ [L-cos (n7)]- sm n;zx ;{% [1—cos (n)]-sin (%}}

Y] U
Ni’{ih cos (nz))- Sln( ij} zio{nzﬂ [1-cos (nxz)]- sm( ;ZXJ}

el

[ [ [ 1 B | | |
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#include<stdio.h>
#include<stdlib.h>

#include<math.h>

main()

{

float x,y,z,pi,sum=0.0;
for(int i=1; i<=10000000;i++)
{
x=pow(-1.0,i+1);
y=1.0/(2*i-1);
7=x*y;
sum+=z;
H
pi=sum®*4.0;
printf('' pi=%.6f \n",pi);

B C\Users\user\Desktop'Pi.exe

mds with return
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k,0<x<r
Eg. (a) Expand f(x)= K 7 <x<0

Find 1—% 1—1+%—+ ...... 2018 SAEH - 2015 EiABHTE 2017 SR AT
SELUE for k=1]
k,0<x<r

(Sol) (a) 2L=27,L=x, f(x)= {k —7<x<0

and f(x+2m)=f(x) into Fourier series. (b)

X)= 2+ a, cos| 2 |+, sin[ 22| - 0dd function, .. a0, ¥n
2 4 L L

bn=%ILLf(x)sin(nil_xjdx=%{_|‘oﬁ—sin£”z jdx+f sm( - ]dx}

% M [1 cos ( n;r]:>f (x)= i{%[l—cos(nyz)]-sin(nx)}

n7z nrz 1
(b) Set x=n/2,

( j k = Z{ [1-cos nﬂ]sm(?}}:%{l—%+%—%+%—+ ...... }

1 111 V4
=>l-—4—-——+——+....=—
3 57 9 4
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“j Eg. Find the Fourier series of f{x)=
M\ AN, _ . Vout 0, -r<x<0
S B H . and use the results to
sinx, 0<x<rx

z 1 1 1 1 1
show that ===+ - + — o . [2004 &K TR
4 2 1x3 3x5 5x7 7x9 [ AREH

(Sol.)
(@) 2L=2x, L=x

f(x)= a_20 + z(:_l{an cos(nij +b_ sin [ nlz_zxﬂ

&_i[ ° "si }_i _ _1
=5 [ 0dx+ ["sin xdx _271-[1 cos 7] =

T

a, = 1 J'_L f(x) cos(n—m()dx = L f f (x) cos(nx)dx

U 0- cos(nx)dx+J. sin( x) - cos(nx)dx}——f sm(x+nx)+sm(x nx)]

_ 1 [1-cos(1+n)z N 1-cos(1— n);z}

2w | 1+n 1-n
_i_( 1 1 )_cos(1+n)7r_cos(1—n)7z _ 1] 2  cosnzr cosnzx
2z|\1+n 1-n 1+n 1-n 2r[1-n*  1+n  1-n
1] 2 2cosnz]| 1
L 1 == —"—(l+cosnz)
27| 1—n 1-n 27 1-—n
0,vn=357,---

1+C03n77(n¢1)_ 2

:m W,Vn:2,4,6,m
= %Uoﬁ 0-sin( nx)dx + Ioﬁsin( X) - sin( nx)dx}

= l{rl[cos(x —nx) —cos(X + nx)]dx} = i[sin(l— n)z _ sin(1+ n)”} = Y2,n=1
|0 2r

1-n 1+n 0, n>1
()= 1 2 {cos(Zx) cos(4x) cos(6x) cos(8x) }r sin(x)
r 7| -3 -15 -35 —63 2
o) f(-Z5)= 0_ 1.2 {COS( —7) cos( 27) cos( 3r) cos( 47[) }_ 1
2 r -3 -15 -35 -63 2

1 2 2 2 2 211 1 1 1
= ————+ - +—.. ot
2 [37r 157 357 63x } (2 3 15 35 63 j

1 1 1 1 1
e + - +—
2

1x3 3x5 5x7 7x9

1
z
/4
4
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In Matlab language, we can use the following instructions to obtain the finite sum of

T T 3 15 35 63
>>x = 0:0.001:4*pi; y=1/pit+sin(x)/2;

>>for n=1:20
y=y-2*cos(2*n*x)/pi/(4*n"2-1)

end
>>plot (x.y)

1+lsin(x)
T 2

= R /\\\
\ / . ,,,/
2 a - (=) a8 10 - 12

12 [cos(Zx) cos(4x)} Lain(x)
3 15 2

AWAN

4
1_ g cos(2nx) —sm(x)
7 4n° —

V4

n=

12 {cos(Zx) N cos(4x) . cos(6X) . cos(8X) .

(WA

___Zcos(an) —sm(x)
T m4 4n? -

. cos(40x)} ! Lginx).

1599

cos(2x) cos(4x) COS(6X)} = sin(x)
2

12{
T

3 15 35

51
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5
1 2 cos(2nx) 1S|n(x)
T m45 4n® -

A

20
1 2 Z cos(2nx) 1 Lein(x)
r w43 4n* - 2

e




Eg. Find the Fourier series of |cos(2x)
ﬁ\ y g o I* |
and calculate 24 : [1990 X AHF

2

vm() @ 1 4N° —
U e o

Fyuy U Y1
0 O 1 A

(Sol) (@) f(x)=f| x+ 2|, f(x)=cos(2x),-Z<x<Z
2 4 4
oL=" =% DM anx, & _Lp cos(2x dx——_[ costdx_E
2 4 L 2 2L7- T

:_I cos(2x)- cos(nL de——j cos(2x)cos(4nx)dx

_4. J'Zﬂ % [cos((2+ 4n)x)+ cos((2 — 4n)x)]dx
e

z z
_ 2 [sin(2+4n)x| 4 +sin(2—4n)x 4
Y 2+4n i 2-4n | 7
i 4 4
[ . (2n+1) _(2n-1) ]
2 2sin 7z+ 2sin r 2 (1) . (o)
7 2(2n+1) 2(2n-1) 7 |2n+1 2n-1
G o D G VO o Vi
Sz |2+l 2n-1| 7 4n*-1 7z 4n*-1
o (_ n+1
"." Even function, .". b, =0 = f(x):%+%;gn%)_l.cos(4nx) = cos(2x)|
2 g (_1)n+1
b) x=0, f(x)=1=—+—
() (X) 7r+7r;4n2—1
= () ;r( 2} = (<2) n(z j
= — 1—— —_ — —
:§4n2—1 4 7 :Z_;m -1 4
In Matlab language we can use the following instructions to obtain the finite sum of
n+1
- 4 0;
. ﬂz_; 47 Cos (4nx). .
>>y = 0.0.001.4*p1;y=2/pi; v
>>for n=1:6 05
y=y+4*(- 1) (n+1)*cos(4*n*x)/(4*n"2-1)/pi N
end 02
>>p10t (x,y) D;D 2 4 B é 10 12 14
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2,4 cos(4x)
7T 3r

n+l
£+4z( 2

a1 -cos(4nx)
n= n -

AN

A

2 4 5 1 n+l
< COS 4n
i nz 4n2 -1 "

Y

COS 4nX

Tl
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2

. % Z (- 1)“_*1 -cos(4nx)

1 - g g
os
s
oz}
s
s
o4
0a
02
U‘U 2 4 ® ® h

4

1 n+l

A

4
_+ cos 4nx
Z4n2—1

n=

'
oo
os
07
os
os
04
oa
0z
o
ok

6 n+l
g+4z( 1) -cos(4nx)

2
T

~4n® -1

ALLLL

100 (_ 1)+
+1 &

COS 4nX
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nrt nrt Nzt Nt

|T —|T L i 3
Discrete spectrum of f(r): . Cos(n—”t) _& e , sin(n—”t) :i
L 2 L 2i _—
a, < ) 2 it .
f (t) =_0 4 Z a, Cos % + bn sin E — Z c.e L — Z Cnelwnt , l \
2 n=1 L L n=—o© n=—0 ! fa =
n 4—~ -
where @, = -z, 1 LV
L o
.+ Discrete Spectrum . Time Signal
_" 2 ’ =
1 ~

L
<
\? .
ri
\
.
: .

ﬂ/
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