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Chapter 5 Fourier Analysis 

5-1 Fourier Transforms and Inverse Fourier Transforms 

Fourier Transform pair defined in Engineering: i=j= 1  for EE 

     

     1 1

2

i x

i x

F f x f x e dx

f x F F e d







  












     

     





  , where ω=2πν. 

Note:  { [f(x)]}=2πf(-x). 

 

Fourier Transform pair defined in Mathematics: 

     

     1

1

2

1

2

i x

i x

F f x f x e dx

f x F F e d








  













    



     





  , where ω=2πν. 

Fourier Transform pair defined in Physics/Optics: 

     

     

2

1 2

i fx

i fx

G f g x g x e dx

g x G f G f e df















     

     




   

 

Parseval’s Identities for Fourier Transform pairs  [f(x)]=F(ω) and  

 [g(x)]=G(ω): 

   







 


dFdxxf 2

2

||
2

1
||  and         








 


dGFdxxgxf *

2

1
*  

 

Continuous Spectrum of f(t): 
1

( ) ( )
2

i tf t F e d 





              

Convolution in Fourier Transform:    



  dtgftgtf )(*)(  

Correlation in Fourier Transform:    



  dtgftgtf )()( ☆  

 

 

 

http://faculty.pccu.edu.tw/~meng/Cross_correlation_animation.wmv
http://faculty.pccu.edu.tw/~meng/Cross_correlation_animation.mp4
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Basic theorems of Fourier Transforms  [f(x)]=F(ω) and  [g(x)]= G(ω): 

1.  [af(x)+bg(x)]=aF(ω)+bG(ω) 

2.  [f(ax)]=[F(ω/a)]/a and  -1[F(aω)]=[f(x/a)]/a, a>0 

(Proof) For a>0, let ax=u,  [f(ax)]= ( )i xe f ax dx





 =

a

1 ( )

( ) ( )
i ax

ae f ax d ax





 =

a

1 ( )

( )
i u

ae f u du





 =

a

1
F[(

a


)] 

 

3.  [f(x)eiax]=F(ω-a) and  -1[F(ω-a)]=f(x)eiax 

(Proof)  [f(x)eiax]= ( )i x iaxe f x e dx





 = ( ) ( )i a xe f x dx


 


 =F(ω-a) 

 

http://faculty.pccu.edu.tw/~meng/2023文大電機系宣傳影片鄭宛琳與鄭敏妤特寫.mp4
http://faculty.pccu.edu.tw/~meng/FTV-bugua.WMV
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4.  [f’(x)]= iωF(ω),  [f(n) (x)]=(iω)nF(ω) in case of f(±∞)=f’(±∞)=f”(±∞)=…=0 

(Proof)  [f’(x)]= '( )i xe f x dx





 = ( )i xe df x




  

= e-iωxf(x)|


| - ( ) ( )i xi e f x dx





  = e-iω∞f(∞)- eiω∞f(-∞)+iω ( )i xe f x dx





 = iωF(ω) 

By mathematical induction, we have  [f(n) (x)]=(iω)nF(ω) if 

f(±∞)=f’(±∞)=f”(±∞)=…=0. 

5.  [f(x)*g(x)]=F(ω)G(ω) 

6.  [g*(x)★f(x)]=F(ω)G*(ω), where g*(x) and G*(ω) are the conjugate 

complexes of g(x) and G(ω), respectively. 

7.  [f(x-a)]= e-iaωF(ω) and  -1[e-iaωF(ω)]=f(x-a) 

(Proof) Let x-a=u,  [f(x-a)]= ( )i xe f x a dx





  = ( ) ( )i xe f x a d x a





    

=e-iaω ( ) ( ) ( )i x ae f x a d x a


 


   =e-iaω ( )i ue f u du





 = e-iaωF(ω) 

 

8.  [xnf(x)]=(i)nF(n)( ω) 

(Proof)  [xf(x)]= ( )i xe xf x dx





 = ( )i xd

i e f x dx
d









 =i ( )i xd

e f x dx
d









  

= iF’(ω) 

By mathematical induction, we have  [xnf(x)]=(i)nF(n)(ω). 

 

9.  [δ(x)]=1,  [1]=2πδ(ω), and  [eiax]=2πδ(ω-a) 

 

Eg. Find (a)  [1], (b)  [ejax], (c)  [sin(ax)], and (d)  [cos(ax)].  

(Sol.) (a)  [δ(x)]=1,   -1[1]=δ(x), 
1

2𝜋
∫ 1 ∙ 𝑒𝑖𝜔𝑥𝑑𝜔
∞

−∞
=δ(x),  

∫ 1 ∙ 𝑒𝑖𝜔𝑥𝑑𝜔
∞

−∞
=2πδ(x),  ∫ 1 ∙ 𝑒𝑖𝜔𝑥𝑑𝜔

∞

−∞
=∫ 1 ∙ 𝑒−𝑖𝜔(−𝑥)𝑑𝜔

∞

−∞
=∫ 1 ∙ 𝑒−𝑖(−𝑥)𝜔𝑑𝜔

∞

−∞
 

=2πδ(x).  

Let ω be replaced by u, and -x be replaced by v, we have ∫ 1 ∙ 𝑒−𝑖𝑣𝑢𝑑𝑢
∞

−∞
=2πδ(-v)= 

2πδ(v) because δ(x) is an even function. 

Let u be replaced by x and v be replaced by ω, we have 

∫ 1 ∙ 𝑒−𝑖𝜔𝑥𝑑𝑥
∞

−∞
= [1]=2πδ(ω) 

(b) ∵  [f(x)eiax]=F(ω-a), ∴  [eiax]=2πδ(ω-a) 

(c) sin(ax)=
𝑒𝑖𝑎𝑥−𝑒−𝑖𝑎𝑥

2𝑖
,  [sin(ax)]= [

𝑒𝑖𝑎𝑥−𝑒−𝑖𝑎𝑥

2𝑖
]=-iπ[δ(ω-a)-δ(ω+a)] 

=iπ[δ(ω+a)-δ(ω-a)] 

(d)  cos(ax)=
𝑒𝑖𝑎𝑥+𝑒−𝑖𝑎𝑥

2
,  [cos(ax)]= [

𝑒𝑖𝑎𝑥+𝑒−𝑖𝑎𝑥

2
]=π[δ(ω-a)+δ(ω+a)]. 

 

Eg. Find  [e-a|x|] and  [e-|x|]. 

(Sol.) 
0

| |

0

a x i x ax i x ax i xe e dx e e dx e e dx  
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| |

2 2

1 1 2 a xa
e

a i a i a  

        
. For  

2

||

1

2
,1


  xea  

          

    f(x)=e-a|x|                                            F(ω)=
22

2

a

a
 

Eg. Determine 











1

1
2

1


. [2013 成大電研] 

(Sol.) ||

22

1 2 xae
a

a  












 and a=1, 












1

1
2

1


=












1

2

2

1
2

1


= ||

2

1 xe  

 

 

Eg. Find (a)  [xe-|x|], (b)  [e-3|x|], (c) 











2

1

4

4


,  (d) 



 





d

4

cos
2

, (e) f(x) 

if    



0

22cos edxxxf . [文化電機轉學考] 

(Sol.)  ||xae =
22

2

a

a
 (a) According to       


F

d

d
ixfx

n

n
nn  , 

   
 22222

|||| 42





 













 

a

ai

a

a

d

d
ie

d

d
iex xaxa ,  

 22

||

1

4
,1




 



i
xea x

 

(b)  
9

6
,3

2

||3


 



xea , (c) ||2

2

1

4

4
,2 xea  













 

(d) 




 












 ||2

22

1

4

4

2

1

4

4 xxi ede 


  









 2

24

4

2

1
,1 edex i 



 ,  







2

2
sincos

4

12
edi 


 

  0,0)(   em RI , ∴ 







2

2 24

cos
ed







 

(e)  













0 2

2

2 4

cos2
2

4

cos2














ded 






0 2 4

cos4







d  

Set  
 

 



0 0

2

2
)2(cos)(2

44

2cos4
,2 dxxxfedx

x

x
x


 , ∴ 

)1(

12
)(

2 


x
xf


 

 

Eg. Find the Fourier transform of f(t)=
, 0

0, 0

ate t

t

 



. [2017 台聯大電研] 

(Sol.) 
0

0
( ) 0i t i t at i tf t e dt e dt e e dt  

 
   

 
       =

2 2

1
0

a i

a i a
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Eg. Find 











22

1

xa
 and 

 












22

1

bxa
. 

(Sol.)  
22

|| 2


 

a

a
e xa , 





 












 



 de
a

a

a

a
e xixa

2222

1|| 2

2

12
 

 








 



de
a

a xi

22

1
 

∴  





 


||

22

1 xaxi e
a

de
a






 . Set u=-x 




 


 ||

22

1 uaiu e
a

de
a






  

Set x=ω, ω=u, 




 












 ||

2222

11   axi e
a

dxe
xaxa

 

       

f(x)=
22

1

xa 
                                    F(ω)= || ae

a

   

∵    i af x a e F      , ∴ 
 

||

22

1   abi e
a

e
bxa











  

 

Eg. Find 











29

1

x
 and 






 dxxe

x
)cos(

3
. 

(Sol.) 
 a

e
axa















22

1
, a=3, ∴ 

 3

2 39

1 











 e

x
 

 

29

1

x
= 

 ]
3

[
31 

e 





 






dee xi3

32

1
= 






 


dxixe )]sin()[cos(

6

1 3
 

 (...) 0 , ... 0m eI R  . Set x=1, we have 





 


de )cos(

3
=

5

3
 

Eg. Determine 
1

[ ]
a it




. [2003 台科大電研] 

(Sol.) ∵ | |

2 2 2 2

1 1 i t ae dt e
a t a t a

 
 



 
      

  and      
n

nn

n

d
t f t i F

d



     

∴
2 2 2 2

1
[ ] [ ] [ ]

a it

a it a t a t
   

  
=

 a
e

a
a


 - [ ]

ad
i i e

d a






 = )]sgn(1[ 




a
e  

=








0

0

,2

,0





 ae
= )(2   uea
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Eg. Find )(
22xae . 

(Sol.) 
2 2

2 2 2
a x i x

a x i x ae e dx e dx





 
    

   

 
  

22 2 2

2 42 44

a x i x
a aae e dx

   
    

  


    

22
2

22 24
a x i

aae e dx

  
   

 


  

2

2 224
22

a uae e du u x i
a











 
      

 
  

2

2

4ae
a






  
 2 2 2

2 22

2
:

a u v a r

o o
Note e dudv e rdrd

a

 


    

 

 
  

 
     

          

   f(x)=
22xae
                                            F(ω)=

2

2

4ae
a






 

Note: f(x)=
22

1

xa 
 and g(x)=

22xae
 are similar to each other. But their 

respective Fourier transforms look quite different! 

 

Eg. Determine 
2

[ ]xxe . [2022台大電研工數C]  

(Sol.) a=1, ∴ 

2

2
4[ ]xe e





   

2

2

2
4

4[ ] ( )
2

x d i e
xe i e

d




 







 
    

Eg. Determine ][
221 be . 

(Sol.) )(
22xae =

2

2

4ae
a






, 
2 2a x i xe e dx


 


 =

2 2 ( )a x i xe e dx


 


  

=
2 2 ( )a u i ue e du


 


 =

2

2

4ae
a






, 
2 2 ( )1

2

a u i ue e du




 


 =

2

2

4

2

1
ae

a







 

-ω→x and a→b (simultaneously), and then u→ω 

2 21

2

b ixe e d  






 =

2

2

4

2

1
b

x

e
b




,  ∴ 





b

e
e

b

x

b

2
][

2

2

22
4

1
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Eg. For two rectangular functions: f(x)=








1||,0

1||,1

x

x
, g(x)=









2||,0

2||,1

x

x
, find  

(a)  [f(x)], (b)  [g(x)], (c) 
 

dx
x

x





sin
 [文化電機轉學考], and 









d

2

2sin
 

[2008 成大電研].   

(Sol.) (a)   





i

ee

i

e
dxexf

iixi
xi















 1

11

1

   






 sin2

2

2







i

ee ii

 

              

(b) ∵    









a
F

a
axf

1
, a>0, 

   
 







 )2sin(2

2

2sin2
2

2



















x
fxg  

(c) f(x)= 




 








 






  de xisin2

2

1sin21 , 

   



 dx

x

x
f

sin
10  

(d)  According to    







 


dFdxxf 2

2

||
2

1
|| , 

 
  


 












 1

1 2

2
2

2
sin

21
sin2

2

1












ddxd  
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 42 

 

 

Summary 

f(x) F(ω)=

)]([ xf  

Examples 

f(x)=








ax

ax

||,0

||,1
 

 


asin2
 

 

e-a|x| 
22

2

a

a
 

14

4

4

1

1
2

2

||
2

1





















x

e ,  
1

2
2

||


 



xe , 

 
4

4
2

||2


 



xe ,  
9

6
2

||3


 



xe , etc. 

22

1

xa 
 || ae

a

  












21

1

x
= || e , 












24

1

x
= ||2

2

 e , 













29

1

x
= ||3

3

 e , etc. 

22xae
 2

2

4ae
a






 )( 4

2x

e



 =
2

2  e , )(
2xe = 4

2




e , 

)(
24xe = 16

2

2






e , )(
29xe = 36

2

3






e , etc. 
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5-2 Fourier Series of a Periodical Function 

 

Video Example of Fourier Series of Periodical Rectangular Function:  

 

 

Video Example of Fourier Series of Periodical Sawtooth Function:  

 

              

  

https://www.youtube.com/watch?v=etaa0VXUPlI&list=UUXyoiAylnsGVUbUQ7KRfL4g
https://www.youtube.com/watch?v=rt097WEL7EA&list=UUXyoiAylnsGVUbUQ7KRfL4g&index=2
http://faculty.pccu.edu.tw/~meng/圓周率之曲.mp4
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Fourier series: f(x) is a periodical function with period=2L and defined on an interval: 

-L≦x≦L. f(x+2L)=f(x), and then f(x)= 






























1

0 sincos
2 n

nn
L

xn
b

L

xn
a

a 
, where 

 
L

L
dxxf

L

a

2

1

2

0 ,   









L

L
n dx

L

xn
xf

L
a


cos

1
, and   dx

L

xn
xf

L
b

L

L
n 








 


sin

1
 

In case f(x) is 
0

0



 n

n

a

b

odd

even  

Parseval’s Identity for Fourier series:    






1

22

2

02

2
||

1

n

nn

L

L
ba

a
dxxf

L
 

Orthogonalities: 

























 mnL

mn
dx

L

xm

L

xnL

L ,

,0
coscos


 and 

























 mnL

mn
dx

L

xm

L

xnL

L ,

,0
sinsin


 

 

 

Eg. Expand f(x)=








02,

20,

xx

xx
, f(x+4)=f(x) 

into Fourier series and 𝟏 +
𝟏

𝟑𝟐
+

𝟏

𝟓𝟐
+⋯  

 

(Sol.)  









02,

20,

xx

xx
xf , f(x+4)=f(x), 2,42  LL , 

∵ Even function, ∴ bn=0,  




   

2

0

0

2

0

4

1

2

1

2
dxxdxxdxxf

L

a L

L
=1 

  







  

dx
xn

xdx
xn

xdx
L

xn
xf

L
a

L

L
n )

2
cos()

2
cos(

2

1
)(cos

1 2

0

0

2


 

0

2
)

2
cos(

4
)

2
(sin

2
)

2
cos(

2

2
22

2

0 















 

xn

n

xn

n

x
dx

xn
x










 

 
 

,2,1,
12

8

:,0

:,
8

1)cos(
4

22

22

22












 

 m
m

evenn

oddn
nn

n 



 

∴     )
2

cos(1cos
4

1
1

22

xn
n

n
xf

n





 




2 2

8 1 3
1 cos cos ......

2 3 2

x x 



 
    

 
 

  2 2 2

8 1 1
0 0 1 cos 0 cos 0 cos 0 ......

3 5
f



 
      

 
 

2

2 2 2

1 1 1
1 ......

3 5 7 8
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In Matlab language, we can use the following instructions to obtain the finite sum of  

  )
2

cos(1cos
4

1
10

1
22

xn
n

nn









=1- )
2

)12(
cos(

)12(

85

1
22

xi

ii











. 

>>x = 0:0.001:4*pi; y=1; 

>>for i=1:5 

y=y-8*cos((2*i-1)*pi*x/2)/(2*i-1)^2/pi^2 

end 

>>plot (x,y) 

 

1- )
2

cos(
8

2

x


                                  










2

3
cos

3

1

2
cos

8
1

22

xx 


 

 

 











2

5
cos

5

1

2

3
cos

3

1

2
cos

8
1

222

xxx 


   










2

7
cos

7

1

2

5
cos

5

1

2

3
cos

3

1

2
cos

8
1

2222

xxxx 


 

 

 











2

9
cos

9

1

2

7
cos

7

1

2

5
cos

5

1

2

3
cos

3

1

2
cos

8
1

22222

xxxxx 



       )
2

cos(1cos
4

1
22

1
22

xn
n

nn
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Eg. Expand f(x)=








02,1

20,1

x

x
 and 

f(x+4)=f(x) into Fourier series. Find (a)

 
 











1

1

12

1

m

m

m
 and (b) 

 



 1
2

12

1

m m
. [文化電

機轉學考] 

(Sol.)  









02,1

20,1
,2,42

x

x
xfLL  

  






























1

0 sincos
2 n

nn
L

xn
b

L

xn
a

a
xf


. ∵ Odd function, ∴ an=0, n 

  

































  

dx
xn

dx
xn

dx
L

xn
xf

L
b

L

L
n

2
sin

2
sin

2

1
sin

1 2

0

0

2


 

 
  






n

nn

n

n
cos1

2cos22
     



 

















1 2
sincos1

2

n

xn
n

n
xf





 

(a) Set x=1, 

    


 

















1 2
sincos1

2
11

n

n
n

n
f






4 1 1 1 1
1 ......

3 5 7 9

 
      

 
 

 
 

 

1

1

11 1 1 1
1 ......

3 5 7 9 2 1 4

m

m m









        


  

(b)    






1

22
2

02

2
||

1

n

nn

L

L
ba

a
dxxf

L
, 

  2
1

22

2

2

2 cos1
4

21
2

1



n

n
dx

n

 



 2 2 2 2

16 1 1 1
1 ......

3 5 7

 
     

 
 

 
 

2

22 2 2
1

1 1 1 1
1 ......

3 5 7 82 1m m





      


  

∴ 
2 2 2 2

1 1 1 1 1 1 1 1
4 (1 ...) 8 (1 ...)

3 5 7 9 3 5 7 9
                

In Matlab language, we can use the following instructions to obtain the finite sum of 

  
 


















10

1 2
sincos1

2

n

xn
n

n





 =


 















 




5

1 2

)12(
sin

)12(

4

i

xi

i




. 

>>x = 0:0.001:4*pi; 

>>y=0; 

>>for i=1:5 

y=y+4*sin((2*i-1)*pi*x/2)/(2*i-1)/pi 

end 

http://faculty.pccu.edu.tw/~meng/SquareWave.swf
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>>plot (x,y) 

 

)
2

sin(
4 x


                                 

 

















4

1 2
sincos1

2

n

xn
n

n





 

 

 

  
 


















6

1 2
sincos1

2

n

xn
n

n





              

 

















8

1 2
sincos1

2

n

xn
n

n





 

 

 

  
 


















10

1 2
sincos1

2

n

xn
n

n





              

 

















20

1 2
sincos1

2

n

xn
n

n





 

 

 

 

  
 


















1000

1 2
sincos1

2

n

xn
n

n





              

 

















2000

1 2
sincos1

2

n

xn
n

n





 

 

  

0 2 4 6 8 10 12 14
-1.5

-1

-0.5

0

0.5

1

1.5
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#include<stdio.h> 

#include<stdlib.h> 

#include<math.h> 

 

main()  

{ 

float x,y,z,pi,sum=0.0; 

 for(int i=1; i<=10000000;i++) 

 { 

 x=pow(-1.0,i+1); 

 y=1.0/(2*i-1); 

 z=x*y; 

 sum+=z; 

 } 

 pi=sum*4.0; 

 printf("pi=%.6f \n",pi); 

} 
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Eg. (a) Expand f(x)=
, 0

, 0

k x

k x





 

   

 and f(x+2π)=f(x) into Fourier series. (b) 

Find 
1 1 1 1

1 ......
3 5 7 9

     . [2018 台大電研、2015 師大電研與 2017 台聯大電研

類似題 for k=1] 

(Sol.) (a)  
, 0

2 2 , ,
, 0

k x
L L f x

k x


 



 
   

   
 

  






























1

0 sincos
2 n

nn
L

xn
b

L

xn
a

a
xf
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Eg. Find the Fourier series of f(x)=
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In Matlab language, we can use the following instructions to obtain the finite sum of 
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>>x = 0:0.001:4*pi; y=1/pi+sin(x)/2; 

>>for n=1:20 

y=y-2*cos(2*n*x)/pi/(4*n^2-1) 

end 

>>plot (x,y) 
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Eg. Find the Fourier series of |cos(2x)| 

and calculate 
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In Matlab language, we can use the following instructions to obtain the finite sum of  
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>>x = 0:0.001:4*pi; y=2/pi; 

>>for n=1:6 

y=y+4*(-1)^(n+1)*cos(4*n*x)/(4*n^2-1)/pi 

end 

>>plot (x,y) 
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Discrete spectrum of f(t): ∵ cos( )
2

n t n t
i i

L Ln t e e

L

 





 , sin( )

2

n t n t
i i

L Ln t e e

L i

 





  
































1

0 sincos
2

)(
n

nn
L

tn
b

L

tn
a

a
tf


n

n t
i

i tL
n n

n n

c e c e



 

 

   , 

 where n

n

L


  . 

 

 

 

 

 


