Chapter 6 Partial Differential Equations (PDE)

6-1 Classification of Partial Differential Equations
. ou ou
The first-order linear PDE: a(x,y) = +b(x,y) 5 + f(x,y)u+g(x,y)=0

2 2 2
The second-order linear PDE: a(Xx,y) G—l: +b(x,y) ou +c(X,y) a—l:
OX oxoy oy

rd(x y)%w(x, y)%“+ F(x, YU+ g(x y) =0

hyperbolic at (X,, Y,) : A(Xy, ) =b(Xy, yo)2 —4a(X,, ¥5)C(X: Yo) > 0

elliptic at (X,,Y,): A(X,,Y,) <0

parabolic at (X,,Y,): A(X,,Y,) =0

2 2

Eg. Which is the type of partial differential equation for 4371; =3 37121 ? 2018 &
KEH
(Sol) 4Z% _39% _ -+ A=0-4-4-(-3y=48>0, .. it is hyperboli

ol) 453 5z =0 , .. 1t1s hyperbolic.

o’u o’u o’u d’u, , au
Wave equation: — =a’(—+—+—)+b—+F
ot ox® oy° oz ot
ou ou ou o
Heat equation or Diffusion equation: — = a’( )y=a’Vau

+ =+
a ool oy o
o*u  é%u azu_{O

Laplace’s and Poisson’s equations: VU= st t—=
oX® oy- oz P

Oy —h’ . .
Schrodinger’s equation: i7 EV/ = 2—V2y/ +Vy  in quantum mechanics.
m
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6-2 Separation-of-Variable Method

2
Eg. Solve _?:8 0 , 0(x,0)=x, 6(0,1)=0, o0 =0, and o0 =0.
OX ot? =0 MKyy
X ”(X) 3 T”(t) 3

(Sol.) Let 8(x,t) = X(X)T(t), X"(X)T(t)=X(X)T"(t), oo m _
X(0)=0, X’(1)=0=> — 1 = [(2” ;1)”}2, X, =C, sin{@n ;1)” x}

o _ —[(2” _1)”} , T(0)=constant, T'(0)=0=T, =d, cos{—(2n meid t},
T(@) 2 2

L O(xt) = ZAHCOS{(anl)” } sin {@x}

j xsin{(2n —Dz x}dx )
(2n-Dr X} A - -1 2 _ 8(=p™
Jl Sinz[(zn—n;z X}dx (2n-1)*z?
1 2

0(x,0) =x= iAn sin[

2
Eg. Solve 2o = o 1, u0,0=u(1,)=u(x,0)=0, and
ox- ot =0

(Sol) u(x,t)=X()T (1), X"()T (1) = X(X)T"(t). >><< ((X)) Tr((tt)):

= sin( 7x) .

X(0)=0=X(1)=> A=-(n7)* and X(x)=Cysin(nm),

-:'”((tt)) =-(nm)* and T(0)=0, T’(0)=constant => T(¢)=dnsin(nzt),

CLoou(xt) = ZAn sin(nzx) - sin( nat) au(x H anzAn sin(nzx) - cos(nt)

4 sin( 7x) = nd1=1 = A1=1/n but 4,=0 for n#1= u(x,t) = —Siﬂ(7ZX) -sin( zt)
T

[t=0

2
Eg. Solve %u - 2—‘3, u(x,0)=3sin(2mx), u(0,5)=u(1,H=0, 0<x<1, £> 0.
X

(Sol) u(x,t)=X()T (), XX)T'({)=X"()T(), >>(<((>z()) - TTT(tt)) )

X(0)=0=X(1)=> A=-(nr)* and X(x)=Cysin(nmx), :’T(t)) =-(nm)* and T(0)=constant
= T(t)zdne‘"z”zt , oou(xt) = i A, sin(nzx) - et and u(x,O)Zi A, sin(nzx)

u(x,0)=3sin(2nx) = A>=3 but An=0 for n£2 = u(x,t)= 34t -sin( 27x)
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—O'2X ,O<x<£

S A
4 (1—5]0.2 ,%<X<7r

T

o’y 0%y
Eg. Solve at_z = 8)(_2 ) y(x,0)=f(x)= 0.11-

and y(x,f)= an (t)sin(nx). (a) Find the Fourier sine series for f{x) on [0,7]. (b)

n=1
Find the ordinary differential equation and the initial condition for b,(7). (¢) Find
y(x,0). [1990 L8R
NzxX

(Sol.)(a)f(x)=2ansinnTm(=Zansin(nx), 2L=27, L=rx, =
n=1 n=1

a, = 1 j f () sin(nx)dx = % jo” f (x) sin( nx)dx

75 0.2X X 0.8 nz
[I S|n(nx)dx+j/0 2(1 )sm(nx)dx} 7 sm( > )

f(x)= i ngjz sm[n2 J sin( nx)

n=1

(b) y(x.H)=Yb,®sin(nx), y(x.0) = b, (O)sin(nx) = f (x)
= 3 b7 (t)sin(nx) = 3 b, (t) - n? - (~sin(n))

= b/ (t)+n®b, (t) =0 is the ordinary differential equation.
= b, (t) = «, cos(nt) + S, sin(nt)

y(x,0) = f(X) = Znoj sm(n2 j sin(nx) = Zb (0)sin( nx)

n=1

—b,0)=—28 _sin [”7”) — o (the initial condition), S, =0
nz

() y(x,t) = ibn (t)sin(nx) = ian cos(nt) - sin( nx)

=i 282 sm( 5 }cos(nt) sin( nx) .

~n’r
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6-3 Laplace Transform Solutions of Partial Differential Equations

Eg. Solve Z—f+%— Yy, 0(x,0)=0 for x>0, and 0(0,y)=y for y>0. [1990 & AA{ETH¥]
(Sol) Method 1: By Laplace transform
LIO(x, Y1 = [T 0(x, y)e ¥dy = ©(x;s), Lly]= —L[e(o y)1=0(0,5)
= 90(x.5) +50(X,S) —0(x,0) = iz = 0O(x,5) = A(s)-e ¥ +—
S
1 1 1 1 1 1) ., 1
@(O,S):A(S)+S—3:S—2:>A(S):S—2—S—3:>®(X,S)=[S—2—S—3je +S—3
1 2 y’
=00 y) =y =x=2(y=x)" |- uly =x) + =
y
y2 < N
— ,y<X
1 , Y?
—X==(y=-X)"+-"—, y=>x
y 2(y ) > y
> x
Method 2: Define u=x+y and v=x-y, -~ x= ! erv ,
:U—V
2 .
00 060 ou 00 ov 00 00
wehave —=—.—+ . — ="~ 4+~
OX oOu OX oV OX ou ov
g 00_29 2 30 &v_00 00
oy ou oy N 8y ou ov
_ _ 2
06,00 _,00 U=V 00 _Uu=V . puv)=2 _wy+cw)
oX oy ou 2 au 4 4" 2
1" 6(x,00=0 for x>0 = §( urv , u;V =0)=0, w=v and we have

1 v?
0==(L —v?¥)+C(v)=0
4(2 ) +C(v) =0,

2 2 2 2

C(V):% for v>0 or x>y :02%(%—UV)+V§=§(U—V)Z=% for x>y

27 60(0,y)=y for y>0= 6( u er v =0, u ;V )= u ;V , u=-v and we have

2 2
g:}(v_+\/2) +C(V)="-v, =~ C(v)z—v—g% for v<0 or x<y

3v? v? (x=y)* Y)Z

:—(——uv)— ————( —v)?- -———+(y x)-———— forxsy

Note: This partial differential equation cannot be solved by separation of variables.
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2 2
Eg. Solve Z—‘j :gt—‘j, u(0,y=u(1,0=u(x,0)=0, and "
X

=sin(7x) .
[t=0

(Sol.) L[u(x,t)] = I:u(x,t)e‘s‘dt =U(x,s)

2
dU—()z(’S) =s?U(x,s) —su(x,0) M sy (x,s) —sin( zx)
dx 8t\t=o
) .
= dU—(ZX’S)— s?U (x,s) = —sin(zx) = U(x,s) = c,e™ +c,e ™ + Szm ”XZ
dx S+
u(0,t)=0 u(0,s)=0 c, =0 1. .
== sin(
{u(l,t):O 3{U(1,s):02> C2:0:>u(x )= —sin(zx) - sin( )

0%u

Eg. Solve gt—” =27 » M 0)=3sin(m), u(00=u(1,0=0, 0<x<1, £20.
X

(Sol.) L[u(x,t)]= I:u(x,t)e‘s‘dt =U(x,s) = sU(x,s)—u(x,0) = ;TZZU (x,8)

2

d—ZU (x,8) —sU(x,s) = —3sin(22x) = U(x,s) = cle’ﬁX o+ czeﬁX + 3 5 - Sin( 27x)
dx S+4rx

L[u(0,t)]=U(0,s) =0, L[u(Lt)]=U(@Ls)=0=rc, =0, c,=0

U(x,s) =

-sin(27x) = u(x,t) = L‘{

- - sin( 27ZX):| =3 .sin( 27x)

S+4rx s+4rx
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6-4 Fourier Transform Solutions of Partial Differential Equations

Eg. Solve ‘Zt—“ =2 ) u(x0)=e , -co<x<co, 0. [2011 FRAEHF 2001 & A EHHE
X

U]
(Sol) F[u(x ] =U(at), {w} U (o,1)

%U (@0,1) =—0’U(o,t) =U(o,t) = Ae™"
According to '\s[e‘a < 1= \/a_e 4a®

U(w,0) = A= S[u(x,0]=3[e " ]1=7 - et S A-Vre ¢

XZ

ap?
Let b>=t+1/4 and according to I [e ™ ] = °
P
w? 1 B «
=z 2 _(H_,)wz e 1+4t
S u(xt) =3 U()]=3"Vr-e ‘e =Vr-I e * ]=
V1+4t

5 =0, -oo<x<oo, £>0.

2 2
Eg. Solve au = ga_l; , u(x,0)=4e |, M
ot OX ot

2
(Sol) F[u(x,t)] =U(a,1), 3{9a ;(f’t)}:—QwZU(a),t)
X
2
3 U (1) = 907U (0,t) = U (1) = Acos(3at) + Bsin(3a)
%U (w,t)=-3wAsin(3wt)+3wBcos(3wt)
According to S =22 U(0,0) = A= J[u(x0)] = e ] =L
a‘+ow S+w
au(x, 0) . 40
UOO3B B=0, .". U(ao,t)= - cos(3at
[at (@,0) wB= (w)w2+25 (3at)
1[e"“‘)F(co)] =fx+a) and 3 [e”°F(w)]=f(x-a),
40 40 ei3a)t +e—i3wt
H=3" D]=3" .cos(3mt)]=3" :
u(x,)=3"[U(o,1)]=3 [w2+25 (Bat)] [w2+25 2 ]
-1 20 i3at —i3mt -1 2-5 i3at —i3at “5x- .
=3 [——— (""" +e =23 [——— (e"" +e =2 P35 3
[a)2+25 ( ) [a)2+25 ( =2 ¢
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6-5 Miscellaneous Methods of Solving Partial Differential Equations

Error function: erf (x) = “*du

2 X
ﬁfoe

Complementary error function: erfc(x) =1—erf (X)

%u

?u
Eg. Solve Py 2 xdy

+ 327’;‘ = 0, u(0,5)=0 and u(x,1)=x>.

(Sol.) Set u(x,y)=f(y+mx) and e=y+mx = m?f"(e)F2mf " (e)+f"(e)=0, m*+2m+1=0,
m=-1, -1

" ()= y-x)txg(y-x). u(0,y)=0=fy-0)+0-g(y-0)=Ay) = A1-x)=0 and fy-x)=0
u(x, D==f1-x)+xg(1-x)=xg(1-x) = g(1-x)=x, gx)=1-x = gr-x)=1-y+x

~ou(xy)=xe(1-y+x)

2
Eg. Solve a—‘j 2 MMy 2015 S ABTH TR K]
OX ox oy

(Sol) u(x,y) =X(X)Y(y), [X"()+2X"(]-Y(y) = X(x)-[Y'(y) +Y (V).
X"(x)+2X"(x) _ Y'()+Y(y)
X(x) Y(y)

= 1 = X (32X (x)-AX(x)=0 and ¥’(»)+(1-1) ¥(»)=0

X7(o2X(x)-2X(x)=0, rP+2r-)=0, r=-1+~1+ 1

1" If 14450, Y1+ A=k € R,A=k*1 and =12k = X(x)=Ae P +Be 1% 1-)=0-12,
Y O)H1-D)Y()=0=> Y()=C e =C"e" ¥

= u(xyy=e” [ [ C(k)e ™ dk + [ D(k)e* k]

2" If 1+4=0, A=-1 and r=-1, -1 = X(x)=Ae>+Bxe™, Y’ (y)2Y(y)=0= Y(y)=C e
= u(x,y)=e *?’-(C+Dx)

37 If1+4<0, V1+ A =tiw, r=1+iow = X(x)=Ae cos(wx)+Be™sin(wx),
J=-?-1, 1-4=2+?, Y'()+(2+0?) Y(»)=0, Y(y)=C e Y

= u(x,y)=e ¥ [ I:C(a))e“"zy cos(awx)de+ jo°° D(w)e ™" sin(@x)dw ]
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