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Chapter 6 Partial Differential Equations (PDE) 

6-1 Classification of Partial Differential Equations 
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Eg. Which is the type of partial differential equation for 𝟒
𝝏𝟐𝒖

𝝏𝒙𝟐 = 𝟑
𝝏𝟐𝒖

𝝏𝒚𝟐 ? [2018 台

大電研] 

(Sol.) 4
𝜕2𝑢

𝜕𝑥2 − 3
𝜕2𝑢

𝜕𝑦2 = 0, ∵ ∆=0-4∙4∙(-3)=48>0, ∴ it is hyperbolic.  
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Heat equation or Diffusion equation: 
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Laplace’s and Poisson’s equations: 
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6-2 Separation-of-Variable Method 

Eg. Solve 
2

2
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Eg. Solve 
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Eg. Solve  
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6-3 Laplace Transform Solutions of Partial Differential Equations 

Eg. Solve y
yx





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, θ(x,0)=0 for x≥0, and θ(0,y)=y for y≥0. [1990台大化工研] 
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Method 2: Define u=x+y and v=x-y, ∴ x=
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 Note: This partial differential equation cannot be solved by separation of variables. 
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2

2

x

u

t

u









, u(x,0)=3sin(2πx), u(0,t)=u(1,t)=0, 0<x<1, t 0. 

 (Sol.)  


 
0

),(),()],([ sxUdtetxutxuL st ),()0,(),(
2

2

sxU
dx

d
xusxsU   

)2sin(3),(),(
2

2

xsxsUsxU
dx

d
 )2sin(

4

3
),(

221 x
s

ececsxU xsxs 





   

0),0()],0([  sUtuL , 0),1()],1([  sUtuL 01  c , 02 c  

 )2sin(
4

3
),(

2
x

s
sxU 





 











  )2sin(

4

3
),(

2

1 x
s

Ltxu 


)2sin(3
24 xe t     

 

 

 

http://faculty.pccu.edu.tw/~meng/339011159_1319389261942167_6152456704472816499_n.mp4
http://faculty.pccu.edu.tw/~meng/339129419_740898147579105_5854869243323128889_n.mp4
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6-4 Fourier Transform Solutions of Partial Differential Equations 

Eg. Solve 
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
= ]

225

40
[

33

2

1
titi ee 




 




  

= )](
25

20
[ 33

2

1 titi ee 



 


 = )](
25

52
[2 33

2

1 titi ee 



 



 =2e-5|x-3t|+2e-5|x+3t|  
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6-5 Miscellaneous Methods of Solving Partial Differential Equations 

Error function: 


x
u duexerf

0

22
)(


 

Complementary error function: )(1)( xerfxerfc   

 

Eg. Solve 
𝝏𝟐𝒖

𝝏𝒙𝟐 + 𝟐
𝝏𝟐𝒖

𝝏𝒙𝝏𝒚
+

𝝏𝟐𝒖

𝝏𝒚𝟐 = 𝟎, u(0,y)=0 and u(x,1)=x2 . 

(Sol.) Set u(x,y)=f(y+mx) and ε≣y+mx   m2f”(ε)+2mf”(ε)+f”(ε)=0, m2+2m+1=0, 

m=-1, -1 

∴ u(x,y)=f(y-x)+xg(y-x). u(0,y)=0= f(y-0)+0∙g(y-0)=f(y)   f(1-x)=0 and f(y-x)=0 

u(x,1)=x2=f(1-x)+xg(1-x)=xg(1-x)   g(1-x)=x, g(x)=1-x   g(y-x)=1-y+x 

∴ u(x,y)=x∙(1-y+x) 

 

Eg. Solve u
y

u

x

u

x

u















2

2

2

. [2015 台大電子所工數 K] 

(Sol.) )()(),( yYxXyxu  , )]()('[)()()]('2)([ yYyYxXyYxXxX  , 







)(

)()('

)(

)('2)(

yY

yYyY

xX

xXxX
X”(x)+2X’(x)-λX(x)=0 and Y’(y)+(1-λ)Y(y)=0 

 

X”(x)+2X’(x)-λX(x)=0, r2+2r-λ=0, r=-1± 1  

1
．

 If 1+λ>0, 1 =k ∈ R, λ=k2-1 and r=-1±kX(x)=Ae(-1+k)x+Be(-1-k)x, 1-λ=2-k2, 

Y’(y)+(1-λ)Y(y)=0 Y(y)=C’e-(1-λ)y=C’ yke )2( 2  

 u(x,y)= yxe 2 ∙[ 




0

2

)( dkekC ykkx + 




0

2

)( dkekD ykkx ] 

2
．

 If 1+λ=0, λ=-1 and r=-1, -1X(x)=Ae-x+Bxe-x, Y’(y)+2Y(y)=0 Y(y)=C’e-2y 

 u(x,y)= yxe 2 ∙(C+Dx) 

3
．

 If 1+λ<0, 1 =±iω, r=-1±iωX(x)=Ae-xcos(ωx)+Be-xsin(ωx),  

λ=-ω2-1, 1-λ=2+ω2, Y’(y)+(2+ω2)Y(y)=0, Y(y)=C’ ye )2( 2
 

 u(x,y)= yxe 2 ∙[ 




0
)cos()(

2

  dxeC y + 




0
)sin()(

2

  dxeD y ] 


