Chapter 7 Vector Analysis
7-1 Vector Functions
One-variable vector function: R O =x@®)x+yt)y+z(t)Z
Multi-variable vector function: F(X,y,z)=F (X,Y,z) %+ F XY 2)y+F,(xYy,2)7Z
dR(t) B dR(t) ' at dR(t) / df (t)
df (t) dt  df(t) dt dt
oF(xy,z) _OF(xy,2) & . F(xy,2) oy . oF(xy,z) &
ag(x,y,2) OX ag(x,y,2) oy ag(x,y,2) oz ag(x,y,2)

The derivatives of vector functions:

Eg. For R(t)=2t8-cos(3t)y+t°2, 0<s<1, find R'(t)=dR(t)/dt. Let s()=
H\/4+95in2(3t)+9t4 -dt, then find dR(t)/ds(t).

(Sol) dR(t)/dt =2%+3sin(3t)y +3t*2
dR(t)
dR(t) _dR(t) dt _| dt ] 2%+3sin(3t)y+3t°2

ds(t)  dt dS(t)_{dS(t)}_J4+95in2(3t)+9t4
dt

Some theorems of derivatives of vector functions:

1. (E-GY=F'G+E.G

2. (FxG)=F%xG+FxG'

3. (FxF')Y=FxF"

(Proof) (FxF'Y=FxF+FxF"=FxF"

4. For R(t)=x(t)X+y{t)y+z(t)Z, if R(t) does not change direction, then
R(t)xR'(t) =0, and vice versa.

5. Let R(t) denote the position of a particle at time z If the particle moves so

that equal areas are swept out in equal times, then we have R(t)xR"(t)=0, and
vice versa. (Kepler's law)

(Proof) 2 area= R(t) x[R(t + At) - R(t)] = R(t) x R'(t) - At
Ifarea=0 < R(t)xR'(t)-At=0 < R(t)xR'(t) =0

Equal area in equal time
< R(t)x R'(t) = constant <> [R(t) x R'(1)]'= 0 < R(t) xR"(t) =0
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7-2 Differential Geometry
" Position vector: R(t)=x(t)X+y(t)y+z(t)2
dx(t) < dy(t) 9+ dz(t) 5
dt dt dt
L =, ds =, _
Arc length: s(t) :I | R(t) | dt, pm = R'(t) | v(t) |

Velocity: v(t) =R'(t) =

Acceleration: a(t) =v'(t)= @’ X(t) d y(t) dzz(t)i

dt? dt?
Curvature: x= ar = d—Tﬂ = d—T -%,where T = I?(t) = v :dR(t)
ds dt ds dt |v |[R'(Y)| |v(t)] ds(t)
Eg. C: R(t) =tR+(t—2)y+(3t—-1)2 is a straight line.
-V X+9+32 dT dT dt
T =—:—’ =l =— | =
|V Vi1 ds dt ds

Eg. C: R(t)=2cos(t)R+2sin(t)y+42 is a circle of radius 2 at z=4.

£ —Zsm(t)x;rZCOS(t)y’ =

dr dt
dt ds

1.1
2 r’

Eg. Consider the curve: r=acos(t)X+asin(t)y+btZz, 0<zr<2m. What is the
equation of tangential vector at r=n/2. [1991 [ [[$&8T]

(Sol.) Vz(;—:=—asin(t)>2+acos(t)§/+b2.At t=%:>\7:—a>‘<+b2

_I'_\ _ v _ —ax+bz
V] Ja?+b?
_ d|V]|e VP s . . . .
Theorem a= —tT + N = tangential acceleration+centripetal acceleration
Yo

(Proof) Define N :p(jj—. It is easily shown that N LT because we have the
S

following proof: T-T=1 301 o 790,97 5 op 9T o ¢ 2T o\ 17
S ds ds ds ds

. dv@) d d|v(t)| dT

a() = =— T TV | —

0=y =g lIVOIT]= +[V() | m

_dv(t v ds dT dI(t) df  d|v(t)]= V()]
dIVO1 ¢, g0y 9. 9T | fepep 9T 291701 VOF g
dt dt ds dt ds dt yo,
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Eg. For R(t) =[cos(t) +tsin(t)]& +[sin(t) —t cos(t)]y +t*2, >0, we have
V(t) =tcos(t)x+tsin(t)y+2tZ, a(t) =[cos(t)—tsin(t)]X+[sin(t) +tcos(t)]y+22

=0 L osyxs Lsinyy+-22, p=to 1 1
5 K df 1

= =5
RGN ot t
dt v

REUE
dt ds

ar _,atdt - p» AT Gns+cos(t)y

Binormal vector: I§ = 'Ic X N

Tow-N
ds P
dN -
Fernet formulae: e -«T+B  (2)
B .
—=—N 3
& ©)
Torsion of a curve: T
dB dT dN

(Proof of (3)) —:i(fxﬁl):_xﬂ+fx_:'fx(_,(f)_,_'fx(fé):_ﬁ\]
ds ds ds ds

Note: 1:, NI, and B are unit vectors.

Basic theorems of curvature and torsion:
x=%, =[T,N,N']= iz[ﬁ', R" R"], where [A,B,C]=A-(BxC)
K

Eg. For C:R(t)=3cos(t)X+3sin(t)y+4t7,find T, N, B, x, 7, and p.

;¥ 3. ... 3 . 4, |IR'xR"| 3 1 25

Sol) T=—=—=sin(t)X+=cos(t)y+-2, x=———=—,p=—=—

(Sol.) TR (t) : t)y c RF p=—=
~ o dT p dT F N N | .3,
=p—= -—=—cos(t)X—sin(t)y, B=TxN==sin(t)X—=cos(t)y+-=172
P Vo] dt (t) 1)y c (t) c t)y c

dB 1 dB8 4 4 | .

—= — =—C0S(t) X+—sin(t)y =—r N =—z(—cos(t) x—sin(t)y
ds V@] dt 25 (t) o5 t)y=-r 7(—cos(t) Xx—sin(t)y)
4

25

=T

HLREFPRBTAGRPIEF TR FHREF A F/ AR R EF
REMRGLHEABrEaTR: T2 dR0 5P RS ZRF-MR
BB -FrEPFP oI RER  FodFE o TR FTER
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7-3 Gradient, Divergence, and Curl in the Rectangular Coordinate System
OX oy 0z
vector function if ¢(X,y,z) is a scalar function.

Gradient Vg(x,y,2): Va(x,Y, s a

Eg. For ¢(x,y,2)=e"", Vo(Xx,Y,2) = yze™ X+ xze™y+xye¥7.

OR(xY.2) oF,(x,y,2) AR
0 X oy 0z

is a scalar function if F(X,y,2) =F,(X,Y,2) X+ F,(X,y,2)§+F,(X,y,2)Z is a vector

Divergence V-F(x,y,2) : V-F(X,y,2)=

function.
Curl VxF(x,y,12):

X vy 1

- |0 o0 0 oF, oF, ). (oF oF . (OF oF ), .

VxF=— — —|= - X+ — y+ — Z is a vector

oxX 0y 0z oy 01 0z OX ox 0oy
F. F, F,

X y

function if F(X,y,2)=F, (X,Y,2) R+ F (XY, 2)y+F,(XY,2)Z isa vector function.

Eg. F=x%+YyYy+22, compute V-F and VxE.

X 'y 12
_ - |0 o0 0 . Ao (s
(Sol.) V-F=1+1+1=3, VxF=|— — —|=0%+0y+02=0
oxX 0y 0t
X 'y z

Eg. F(X,y,2)=x*8-2x*yy+2yz*2, find VxF and V-F at (1,-1,1). [1991 =
LLIEEHH

(Sol.) V-F =2x-2x*+8yz®, at(1,-1,)) > V-F=-8
VxF =2z"%—4xyi, at (1,-11) = VxF =28 +47

o2 0? 0?
ox® +8y2 +<9z2

2,2,Xyz 2,2 XYz

Eg. For ¢(x,y,2) =€, V?¢(x,y,2)=y’z%e? + x*z%e™" + x*y’e™".

Laplacian operator: V¢ =V -Vg=(

)¢

Theorems () Vx(VxF)=V(V-F)-V?F

() V-(VxF)=0, YF eC? (¢) Vx(Vg)=0, VpeC?
(d) Vx(FxG)=(G-V)F —(F-V)G+(V-G)F —(V-F)G

() V(F-G)=(F-V)G+(G-V)F+Fx(VxG)+Gx(VxF)

() V- (FxG)=G-(VxF)-F-(VxG)

() V-(¢F)=(Vg)-F+¢(V-F)
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Theorem V¢(X,Yy,z) L the surface of ¢ (x,y,z)=constant.
(Proof) "." ¢(x,y,z)=constant

Ldg(xy,2)=0= 0p(x.y.2) dx + 0p(%.y.2) dy + 0¢(xY,2) dz
OX oy 0z

:(a—¢2+a—¢9+6—(p2)(dxi+dy9+dzi) =Vg¢-dR
ox o0y~ 0z

. Vé(x,y,z) LdR,and dR is the tangential increment on the surface ¢ (x,y,z)
Eg. Find the tangential plane and normal line to z=x2+)? at (2,-2,8).
(Sol.) Let ¢ (x,y,2)=z-x*-)?, Vo =-2x%—2yy+7,and (2,-2,8) is on the surface.
For z-x?-y?=0, the normal vector at (2,-2,8) is —4RX+4y+7 .
The tangential plane at (2,-2,8)is —4(x—2)+4(y+2)+(2-8)=0=-4x+4y+z=-8
-2 y+2 -8
4 4 1

The normal line is

Theorem V-F(X,y,2) is the outward flux per unit volume of the flow at point
(x,,2) and time #.
(Proof) FatP=FX+Fy+F,2

oF

F oF
The x-direction flux=| F, +1 oF, AX |AyAz—| F, _19% AX [AYy Az = —> AX Ay Az
2 0X 2 0X X

oF E
The y-direction flux = p Y AXAy Az , and the z- direction flux = 88 £ AXAY Az
y yA

. oF, OoF, oF,
.. Total flux= + +
ox 0y 0z

J-AxAyAz/AxAyAz:V-If

Theorem If T=FxR and R=xX+Yyy+2Z, then If:%Vx'I:.

X vy 2
(Proof) VxT =Vx(FxR)=Vx|F, F, F,
X y z
=Vx[(Fz-Fy)x+(Fx-F2)y+(Fy-Fx)Z]
X ¥ 7
- 2 L O | C2(FR+F y+F7)=2F = F = 1vxT
O X 6y 01z y 2
Fz-Fy Fx-Fz Fy-Fx
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7-4 Line Integrals & Surface Integrals
Line integral: 3 Curve C: R(t)=x(t)R+y(t)y+z(t)2, a<t<b
3 Vector F(X,Y,2)=F (XY, 2)X+F,(x,y,2)§+F,(x,y,2)2

o ~ b _
T (2 [F-di = [ FIx) v, 20)]- R'(dt,

—

dl
(b) [Fxdl = [ FIx@), y(t), 2] x R (D)t

C © [texy.2di=[ tx@), y©. 208 R0 | dt

Eg. For C:R(t)=x(t)X+y(t)y+z(t)2=cos(t)k+sint)y+2 , 0 <¢<2m, and
F(X,Y,2) = XX+ Yy + 22, determine Jlf~dr and Ilfxdr.
C C

(Sol.) C:R(t)=cos(t) X+sin(t)y+2, R'(t)=—sin(t)K+cos(t)y
F (x(t), y(t), z(t)) = x(t) R+ y(t)§ + z(t) Z=cos(t) X +sin(t) y + 2
F.dl = F(x(t), y(t), z(t)) - R'(t)dt = (cos(t) R +sin(t)y + 2) - (—sin(t) R+ cos(t) ¥ )dt
=[—cos(t)sin(t) +sin(t) cos(t)]dt =0
X y 2
Fxdl = F(x(t), y(t), z(t)) xR'(t)dt =| cos(t) sin(t) 1|dt =[—cos(t)%—sin(t)y+2]dt
—sin(t) cos(t) 0
" [Fdl =0, [Fxdl =] [-cos(t)-sin(t)y + 2]dt =272

Surface integral: 3 Surface § that has a projection on the xy-plane:

#(x,y,2)=2-¢(x,y)=0 . N=%2+%9+%2=—8—¢2—6—¢9+2 is a normal

oy oz OX oy
vectoron S,and N=N/|N].

3 Vector F(x,Y,2)=F (XY, 2)X+F,(xy,2)§+F,(xy,2)?

(a) Ljﬁ-dAszjﬁ(x, y,2)- N\/l+(%jz +(2—(§jzdxdy,
(b) jsjﬁ di=ij|f(x, Y, ) x N\/u[%jz {%szxdy,
(©) js j f(x,y,z)dA= g f(xy, z)\/1+ [%”T + %”jz dxdy

Note: dl =Tdl is parallel to the tangential direction of the curve, but dA= NdA is
normal to the surface.
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Eg. For S:x*+y*’+z°=a’,z>0, and F(X,y,2)=xX+YyJ+22 , determine
”If-d,& and ”Ifdi.
S S

C w2 2 a2 a2 2 2 2 Op —X X
(Sol.) S: xX*+y“+z°=a /\220:>z_\/a —-X" =y, R v

9V Y N2 0P X3, Yy,
oy X2 — z z

/az — yz ox oy

o s 2 2
N = N XXz F(X,Y,2)=XX+yy+2Z, and \/1+(a—¢j +[6—¢J _2
a z

IN] ox) \ oy
oY (opY XX+ Yy + zZ, adxd
F.dA=F-N 1+(—(” [ 92 dxdy = (xk + yg + 22) - (XYY £ 22y XY
OX oy z
2 2 2 2
_XAY AT g a“dxdy
a _Xz_yz
2 2 2 2
J'If~dA: J~ a“dxdy :J'ZﬂjardrdH:Zﬂazj rdr _2za .J~1 dr
& 2yt az_xz_yz o Jo [q2 2 o\/az_rz 2 o\/az_rz
2 _ A2
= naz-j R Y A L P W
yor? ° Ja’-u =
oY (opY x 9 2adxd
FxdA=FxN 1+(—¢j + 22 dxdy=|x y z Y_0 = jjﬁdi:O
OX oy z s
xy z
a a a

Eg. Compute the surface integral ” (X+y+2z)JdA where

S
S:z=x+Yy,0<y<x,0<x<1.[1990 & KE T

(Sol) \/1{2—@ +[%”] =3, [[ocry+2)dA=[ [ 20x+ y)-Vadydx=+3
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Eg. f :1, r=x>+y>+z°?, find ”Vf -AdA for S: x?+y*+z2=a?. [1990 H(l]
r S
B
(Sol) S: x*+y*+z°=a’=>z=H/a* -x" -y’
For 2=+a2—x2—y? > N=-223-22g 5 X3, Y943,
z

OX oy z
_ 2 2
‘N‘zg, N=N _ 1(xx+yy+zz) (6_(0] |22 _2
z IN| a ox ) z
Vi =v( 1 _ —(XX+yy+17) =—(xx+);y+zz)
Y+t (PE+yi+2?) a
R . 6l Gl X +y'+7° —dxdy
= V(f)-ndA=V(f)-N, 1+ — dxdy = ————dxdy = —————
(f)n (f) \/+(8x) (@J /= a’z xy aJa—x—y°
HV f o AdA= _U —dxdy _—lJ-ZnJ- rdrd @ _—27Z'J' rdr

S Riytcat @@
=-2m. Similarly, j j V f-AdA=-2mfor z=—Ja?—x?>—y?

. J’jw - AdA=(-2m)+(-2m)=-4n
S

Green’s theorem Let C be a regular, closed, positively-oriented curve enclosing a

region D, F(x,y)=F (X, y)%+ F X y)Y.

= oF,(X,y) OF (xY)
F-dR=[[]F(x, y)dx+F,(x,y)dy = Y — 22 I dxdy
JF-or=(] =% oy
Eg. F= —)gx+xy find mF -dR, where C is any closed curve.
X“+y

oF, o
(Sol.) Ey —%I;X =0,V(x,y)#0, m F-dR=0 if C does not enclose 0.
C

Else, flf -dr =2rx

Stokes’s theorem Let S be a regular surface with coherently oriented boundary C,

[[VxF)-dA={F.di.
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Divergence theorem Let § be a regular, positive-oriented closed surface,
enclosing a region V, D‘j F ~dA=J”(V~ F)av .
S \Y

2

Eg. Compute ﬁlf-d,& ,  where F=(y?2+z2)3%+sin(x*+2)y+e< V2
S

St 3+ sty =1 [1990 A TR

a2
(Sol.) v-ﬁ=oDﬁlf-d/lzjﬂ(v-lf)dxdydzzo

(=

Eg. f=2 r=x+y’+2°, find jJ'Vf -AdA for S: xy2+z?=a’ [1990 H(l]
r S
B

(Sol.) F=Vf=Vv( L =

)=
sz +y? 427 (KoY +7P)
-3 4ax

_ -3 . S _
V-F=—, J;IVf-ndA=fS:fF-dA=I\_/”(V-F)dxdydz=?-T=—47r

. (x>2+y9+22):;—3(x>2+y§/+22),

Green’s identities

@]][v?y + V-V yldxdydz = [[ ¢V ) dA
¢, v are scalars, v s

O [[f 19—V glaxaydz = [[ vy -y g]-0A

b2

2 2 N = -
Hyperbolic Paraboloid Z_Z L =¢z =

Egg Equations
X2 +y? + 72 = 715

: !

ESW
“taatie

Mobius Belt/Strip
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http://faculty.pccu.edu.tw/~meng/鍾承曉與許俐華.mp4
http://faculty.pccu.edu.tw/~meng/2023.04.25余敏甄表演剪Mobius belt.mp4
http://faculty.pccu.edu.tw/~meng/Mobius strip.mp4
http://faculty.pccu.edu.tw/~meng/20170601.mp4
http://faculty.pccu.edu.tw/~meng/2023.05.01鄭宛琳與鄭敏妤表演剪Mobius belt.mp4

Klein Bottle

Schritt 1 Schritt 2 Schritt 3

Schritt 4 Schritt 5 Schritt 6
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http://faculty.pccu.edu.tw/~meng/Ant walks on the Klein bottle.mp4

7-5 Potential Theory
Potential: ¢ is called a potential for the vector field F if F=V¢ or F=-V¢

Test for a potential: If F and V-F are continuous in a simply-connected domain
(), then F has a potential function. <>V xF =0

(Proof) “=” : F=4V¢=VxF =0.
‘<" VxF=0, {F-d7=[[(VxF)-dA=0
C S

Let C be the boundary of ¢ (x,y,z)=constant, then we choose F=1Vg¢ , then

I F.d?=0 isalways valid. = F has a potential function.
C

Eg. Check (a) F = 2xyX+2°y + (x -y +2)2,

and (b) F = (yze™ —4x) X+ (xze™ +z) ¥ + (xye™ +y)Z, which does have a potential?

[1991 BRAAKH]

(Sol.)
Ry 2
(@) VxF= 9 9 2 =(-2z-1)%-y-2x2#0, .. no potential.
ox oy oz
2xy 7 X-y+z
(b)
% g 5
vxF=| 2 9 9 |z (L+xe™ + x?yze™ —1- xe™* — x"yze™)R
OX oy oz
yze™ —4x xze™ +z xye¥ +y

+(yeY + xy’ze™ — ye¥ —xy*ze™)y + (2 + xyz? — 2e™* — xyz*)2 =0,
.". there exists a potential.

If:V¢:%i+%y+%2:(yzem—4x)>2+(xzexyz+z)§/+(xyexyz+y)2
OX oy 0z
a¢ Xyz Xyz Xyz 2
a—:yzey —4x:>¢5:'|‘(yzey —4x)dx =e™ —=2x“ +1(y, z)
X

o¢

5 =XV +72=>¢= .[(xzexyz +2)dy =e™ +yz+J(X,2)

?ﬂye*” +y=¢=[(ye” +y)dz=e" +yz+K(xy), ..g=e" -2x"+yz+C
Z
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F=0+y>+2)"(XR + yy + 22) ¢
n+l

—(xX*+y*+17%)
2(n+1)

+C

F-—vg (Ans.) @(x,y,2) =

Theorem If F has a potential, then the line integral of F is independent of
path in Q. That is, Ilf dl= j F -d?, whenever C and K are regular curves in Q
C K

with the same initial point and the same terminal point.

(Proof) J‘IidZ—J‘If-dZ:fIf-dZ
C K c’

If F has a potential, then iflf-d?:O,.'. J.lf-dzzj‘lf-dz.
c’ C K

Theorem Let F be a 2-D vector field of a simply-connected domain Q. Then

_ oF _
F has a potential on Q. <> Ey = % - (In this case, F=F (X, y)X+F (X, y)y)

(Proof) If F =V, then F,=200Y) ¢ _04(xy) oF ¢ o9 _0F,
’ “oox Y oy T oy dyox axdy  ox

oF F =
By Green’s theorem, mFXdX+ Fydy:” AR dxdy=0 , .. F s
c o\ OXx 0y
conservative on Q.
Eg. Evaluate L\7 .dR , where V=2x’%-2yzf—(y’+3)2 and T is some
complicated path from (0,0,0) to (0,0,4). [2016 XA ZEHF]

(Sol.) VxV =0, .. V isconservative., ..3¢(X,y,z) suchthat Vv=V¢

op ., Cfhuag, 2%
&_2x :>¢_j2x dx_?+l(y,z)

% =2yi=>¢= j—2yzdy =-y’z+J(x2)

O oyt 32 = [y - =y2 -3+ K(x )
Z

0,00) —

3
" ¢:—yzz—3z+%+c :>jV~dr:¢(x, Y, z)‘(o'o"” =-12

~76-



. Xy .
R — -2

Eg. (a) Is F(x,y,2)=— +—-2 conservative in the region z>0? (b)

N <
N | X

y
z

X XY, . . .
Xx—— y+—y 2, Cis a piecewisely smooth curve
z 77 7°

from (1,1,1) to (2,-1,3) and not crossing the xy-plane. [1990 & A{ETF]

Evaluate Iclf -dr, where F =—

(Sol.) (a) VxF =0 in theregionz>0, .. F is conservative.
(b) VxF=0,..3¢(x,y,z) suchthat F=V¢
%z—X:>¢=_[—de:_—Xy+l(y,z)
OX z z z
o¢p X X y
—=—— =|-—dy=—=+J(X2
R [—=dy (x,2)
op Xy Xy —Xy
—===¢=|=dz=—""+K(X,
oz 7° ¢ J.22 ()

X = - 5
:>¢(x,y,z):—7y+C:J‘F-dr:(/5(x,y,z)‘gfv’lvll)’3):§

It



7-6 Curvilinear Coordinates

X =x(9;,9,,93) d, =09, (x,y,2)
Coordinate transformation: 1y =Y(q,,q,,0;) < 10, =0,(X,Y,2)

2=12(0,,d,,95) 3 =ds(X,Y,2)

Scalar factors: If (q1,42,93) are orthogonal system, then

0,i#]
h — 2 2 27Y2
|t @
on; aq, aq

Eg. Rectangular coordinate
<> Spherical coordinate

222
x=rsinfcosp |T=VX Y T2

y=rsindsing < 6’:sin’1(\/x2 + yz/\/x2 +y° +22)

2=rcosf ¢=cos’l(x/m)

{3
= =[] (2] (5] - \
nena 5] (5] -

Differential length vector in the spherical coordinate:
dl =4,dr+4,rdg +4,rsin g

z-axs Eg. Rectangular coordinate < Cylindrical
—— coordinate
’7'P[J\ ., X =rcosé r ZHXZ + y2
” W y=rsing < {6 =tan(y/x)
Oé_ = 7 7 y-axis =1 z=1
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2 2 2 Y2
{2 2T -
0z 0z 0z

Differential length vector in the cylindrical coordinate: dl =& dr+4,rd9+4,dz

Differential arc length: ds=[(h,dq,)* + (h,dg,)? + (h,dg,)*T"?

Differential elements of area on the gigj-plane: dA; =ds; ds; = h,h,dg;dg;

Differential element of volume: dV'= ds,ds,ds, = hh,h,dq,dq,dq,

Z
Eg. Spherical coordinate:
) ds = [dr2 +r’d@% +r?sin® 6d¢2]]/2
do~ _
; dA,, =r’sinadadg,dA , = rdrd 6, etc.
te r sin(0) do | _ ’
o/ dV =r?sin@drd &g
y ! |
o ko’ 1!
' | =
o
‘ |
. |
|

X —Tsin(0) do
ds = [dr? + r?do? + dz* ]

Eg. Cylindrical coordinate: <dA,, =rd&dz,dA , =rdrdd,dA , =drdz.
dV = rdrd &z

Jacobian determinants: (p1,p2,p3) < (91,92,93)

ap, ap/
oq, aq,

dp,dp; =|det ) ap/ -dg;dg;
/ql an
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_8% apza 6% i
0, Q, 0y
and dp,dp,dp, = [det a%qz 5p%q2 a‘%qz - dg,dg,da,
Y Vo

L od, 0, aQZ_

Eg. Let I= j” f (X, y,z)dxdydz. Transform the integral from (x,y,z) into (r,0,p).
\

sin@cos¢g sindsin ¢ cosé

| J |=|det| rcos@cosg rcosfsing —rsind =‘r25in¢90052490052¢
—rsin@sing rsindcosg 0

+1°sin’ @sin® g+ r*sinfcos’ Asin® g+ r’sin fcos’ ¢‘ =|r?sindcos’ @ +r’sin’ Ol=r’sind=h h,h,

| = I” f(rsin@cosg,rsin@sing,rcosd) - r’sin Adrd g
\Y

Del operators in (q1,42,q3) coordinate system:

loy,., 1oy, 1oy,
Vyl(q,,9,,9;)=— ——U0, +— ——0, + — ——0
l//(ql g, qs) h, &g, 1 h, oq, 2 h, oq, 3

~ 1 0 0 0
V-F(9,,0,,0,) = ——| - (Fh,h, )+ - (F,h.h, )+ = (F,h;h
00) = | o )RR ()
hlol h202 h303
VxF = 1 i i i
hhyhy|og,  og,  ag,

V(.0 = 1 i(hzm a_y/J+ 8 (hlh3 ay/j+ 8 (hlhz awﬂ
19 M2 M3 s

aq, \ h, aq, o9\ hy 0d,

Eg. Spherical coordinate system: /=1, ho=r, ho=rsing
F=Fa +F4,+F4,

.9 (sin6-F,)+— a(|:¢)

rsin@ o6 rsinH'%
a, ra, rsinda,
VxFo Lt 0082 | g dw, lov, 1 oy,
resin@|or 06 op or r o6 rsiné og

F Ik, rsine-F¢
2
Vzl/lziz-i[rza—l/jJ+ 21_ i(s|nga_l//j+ > 51-2 61/2/
r< or or resingd o6 00 ) r°sin“@ o¢
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Eg. Cylindrical coordinate system: h—=1, ho=r, h:=1

F=F4 +F4,+F34,

V£ Ry 1%
r or
- 1a|: ARG aF IR AN
r az r or r 06
ax//A Loy, 0w, oo, _10( 0y 1 o’y 0w
Vy=-18 +--24 +—4, V r—— |+— +
Ve or 7T e o oz % V= rar( or 2 00% o072

Unit vector conversions between distinct coordinates:

Eg. Rectangular coordinate << Spherical coordinate
(Proof) X r—snnecos¢ y-f=sin@sing,
2-f=cosé, .. f=%sin@cosg+ ysindsing+2cosd

y Similarly, R-0= cos@cosg, 49 cosésing,

i-6=-sing, .. O= Xcos@cosg+ ycosdsing—2sing,

And R-g=-sing, y-d=cosg, 7-9=0,

. d=-Rsing+ Ycosg

f] [sin@cosp sindsing cosd | [X]
0|=|cosdcosg cosfsing —sind|-|y|,
4 —sing cosg 0 7
[&] [sin@cosp cos@cosp —sing]| [F
or |y|=|sin@sing cosdsing cosp |-| 6
cosd —sind 0 ||¢

Eg. Rectangular coordinate << Cylindrical coordinate

-~

cosd -singd O

>

y|=|sing cos® 08| or
yA 0 0 1112
f cosd sing O0f | X
0|=|-sind cos® 0|y
Z 0 0 112
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