Chapter 8 Theories of Systems

8-1 Laplace Transform Solutions of Linear Systems

Linear Systems X = AX + F(t) : Consider y™+an i)™ D+anay®™? +-+-+aiy +agy=A1).
Let  x1(0)=p(0), x2()=y (), ... xa()="D(0)

X, 0 1 0 0 .. 0 |[x] ] o]
g X, 0 0 1 0 .. O X, 0
=—|:|=| 0 0 o 1 .. O S ES
dt| . . . . . . .
X e Ay —a, . —ag |1 X ] L) ]
. d|x 0 1(x 0
Eg. y”-3xy’+2y=sin(x) can be transformed into — = +| .
dt| x, -2 3t|| x| |sin(t)

by x=t, x1(f)=y(x) and x2()=y’(x).
(Proof) x—t, x1(£)=1(2), x2(t)=y (t)=x1'(¢) = x1°(£)=0+ x2(2),
y'==2y +3xy +sin(x) = x2'(£)=-2x1(¢) +3x2(¢)+sin(?),

. %{EH_OZ ﬂ&Hsir?(tJ

Eg. y® +y"-3y'+2y =5 can be transformed into
x®] [0 1 0][x®] [0

X,®) = 0 0 1| |x(t)|+| O by x=t, x1(f)=y(x) and x2(f)=y’(x) and
O] [-2 3 -1||x@®)| |5

x3(0)=y " (x).

(Proof) x—t, x1 (t)=y(t),

dt

X2 ()=y’ ()= x1'(t) =x1'()=0+x2 ()+0,

x3(t)=y "(t)=x2’(t) =x2’(t)=0+0+ x3(t),
y® =2y +3y'—y"+ 5 = X, '(t) = —2x,(t) + 3%, (t) — X, (t) + 5™

@] [0 1 0][x() 0
:>d— X,®) =0 0 1| |x(({)|(+ O
)| [-2 3 -1||x(t)| |5
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X[ = 2%, —3X,
Eg. Solve , , X1(0)=8, x2(0)=3 by Laplace transform.
Xy =—=2X, + X,

(SO].) L[f’(t)]ZSF(S)-f(O) — {le(S) -8= 2X1(S) _3X2(S) {(5—2)X1(8)+3X2 (S) =8

sX,(8)—3=-2X,(S) + X, () 2X,(8)+(s-1)X,(s)=3
8s—-17 A B

=3 Xl(S):sz—:~}s—4:s+1+s—4 {85—17=A(S—4)+B(S+1)
35—22 C D  |35-22=C(s—4)+D(s+1)’
X,(5) = _ N (s—4)+D(s+1)
s°—-3s—4 s+1 s-4
s=4=15=5B =B =3 5 3
X, (8)=——+—
s=4=-10=5D=>D=-2 s+1 s—4 L 1 =
s=-1=-25-5A>A=5"" | o 5 2 Y st
s=-1=-25=-5C=>C=5 ? s+1 s—4

X, (t) =5e™" +3e*
X, (t) =5 —2e*"

Another method: i[xl(t)}:{Z _3]{)(1(0] [&(0)}:{8}
dt| x,(t) -2 1 || x(t) X,(0) 3

2-4 =37 _, )
det L |4 3442622732 4=(A+1)(A-4)=0,/=1,4

_ 2-(-1 -3 & | 3 -3 ' & | 0 _6‘1 _ 1 I(—l)dt_ ~t
S RSP Y o
o2 Y LBl

-2 1-4| | u -2 3| | 0 A -2

X, (t) ) I 3| « %00 |8 ¢, =95 X, (t) _ Se ' +3e™

b H R e S e S e i i
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- [RARE T

X,'=—=3X, +4X X,(0)=1
Eg. Solve { ' ! ? { ()

X,'=6x, —5X,  |X,(0)=2

(Soly [Tam1=-3X+4X, (s+3)X, —4X, =1
7 sX,-2=6X,-5X, |-6X,+(5+5)X, =2

-6(s+3)X, +24X, =-6 . 2s+12 A B
= Xo(s)= = +
—6(s+3)X, +(s+5)(s+3)X, =2(s+3) s?+85-9 s-1 s+9
Xi(s)= s+18 _C . D ’
s?+85-9 s-1 s+9
3
s=-92-6=-108=B=_
S=9-4=-10D= D= "2 3
25+12:A(s+9)+B(s—1)’ 5 — Xa(s)= 5 + 5
s+13=C(s+9)+D(s-1) s=1:>14=10A:>A=Z s—1 s+9
5
s=l:>14=10C:>C=%
§+13 T = M= e - 2e
and  Xi(s)= =5 .5 - 5 9

s?2+85-9 s-1 s+9 Xz(t):%et_l_gem
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Eg. According to optical waveguide theory, the E-fields of two identical
waveguides 4 and B fulfill the coupled mode equations

dd%:—iﬂEA—ilcEB E,(0)=1
, { A , where « is the coupling coefficient. Find Ea(z)
% _ ipE, -ixg, (Fe(0=0
dZ B A
and Es(z).

Lc 2L 3L 4Le
(Sol.) L(Ea)=2a(s) and L(dEa/dz)=sXa(s)-EA(0)=s2Za(s)-1.
Similarly, L(Eg)=28(s) and L(dEg/dz)=s2g(s)-Er(0)=s2B(s)

3 (s):&
(s+if)X.(s) +ixXs(s) =1 A (s+ip8)% +x?
ik Sa(s) + (s +iB) Za(s) =0 o P
(s+if) +x
o L[F(sta)] = fine™, cos@at) = L [———1] and sin(at) = L[]
S"+a S"+a

= E,(2) =L [Z4(s)] =cos(xz)e™” and Ey(z) = L'[Xy(s)] =—isin(xz)e™”.

In this case, the coupling length is Lc=n/2x. While the waveguiding mode traverses a
distance of odd multiple of the coupling length (Lc, 3L, 5L, ..., etc), the optical
power is completely transferred into the other waveguide. But it is back after a
distance of even multiple of the coupling lengths (2L, 4Lc, 6L, ..., etc). If the
waveguiding mode traverses a distance of odd multiple of the half coupling length
(L/2,3Le/2, 5L/2, ..., etc), the optical power is equally distributed in the two guides.

Applications

1. Optical Directional Coupler as a Channel Switch

™~ X state
A .,
0 -
— \\ - ~ S
R Lz [I state
// f ~——
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2. Directional Couplers as Refractive-index sensors

observe the power output distribution
to determine the fluid index

o
o
o
°
©
o
o
o
o
o
o

Q00000000000

—]

Ruei-Chang Lu and Keh-Yi Lee, “General Formulae of Designing Novel Photonic Digital
Sensors with Arbitrary Levels of Directional Couplers for Testing Liquids,” Optical and
Quantum Electronics (SCI), DOI: 10.1007/s11082-019-2177-1, 2020.

transmission ratio
°
3

04 L s L L L L : L
0628 0.629 0.630 0.631 0.632 0.633 0.634 0.635 0.636 0.637 0.638

wavelength 4., corresponding to the maximal output power

0.6380

0.6370 ~

0.6360 - .

0.6350 - L3

0.6340 3

0.6330 -

0.6320 1 .l

0.6310 ~

0.6300

1.330 1332 1334 1.3% 1338 1340

Ruei-Chang Lu and Keh-Yi ILee, “Sensing Refractive Indices of Fluids by
Wavelength-Tunable Laser and Novel Multi-stage Directional Couplers,” Journal of Optical
Communications (SCOPUS/EI), vol. 38, pp. 147-151, 2017.
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8-2 Matrix Solutions of Linear Systems

x®]_[3 -2][x0O] [xO]_[3
Eg. Solve —{ 2(0} {2 _2} {xz(t)}’ {XZ(O)}_L}.
I
(Sol.) e{ 2 -2-2

3-2 -2 lleg | [O] & | 2]
A=2 = = =C , & =e
IR MEHEE S MEH

} =1 -1-2=0,)=2, -1 =diagonalizable

_ 3-(-1) —2 w] [0 ] T eva
5 M ol 4

O] 2] o, [1] . [xO@]_[3]_ [a=1_[x®]_ [2e*+e
| Lzﬂ)}_‘{l} +°2Me | LAOJ‘M:’{%=1:{x2(t>He2t+2e

d[x®] [1 -1][x0
Eg. Solve a{xz (t)} = L 3 } Lz (t)} .
Solyder| ™4 71
(Sol.) e{ 1 32

dim(V)-Rank(A-21)=1 # 2=Multiplicity of (A-2)* =>not diagonalizable

_ 1-2 -1 0 &, |1 fodt
S EEE P Hdh M
s RS S B
=X, = =C, 4 : generalized eigenvector
: {Xl(t)} c, 1 e’ +c2{ te + ezt}
X, (t) -1
1
1
0

X, (t) 01 X, (t)
Eg Solve (;j X (t) =11 0 Xz(t) .
Uxm] (11 xg(t)

(Sol.) fAN)=-A>+31+2=0, \=2, -1, -1.
For A=-1 dzm(V)-Rank(AH) 2 =Multiplicity of (A+1)? =>diagonalizable

0-2 1 1 ][&] [O] 1 jzdt ot
M2 0Z2 1 ||s |20 T x|’

11 0-2||&] |O] 1

0+

1 1 1 [w] [O] 1 0 [ena
M=l g wl=0| = x=c|0| ° x=c|1] € =¢
1 0+1]| 4| [O] -1 -1

}:(/1—2)2=0,x:2,2

X, (t) 1 0
X({t) |=cllle*+c,| 0 [e'+c| 1 e
X5 (1) -1 -1

8
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Eg. Solve i[xl(t)}:{l _1}[)(1('[)}.
dt| x, ()| [5 -3]| %, (1)

(Sol.) f(A)=A+24+2=0, A=-1i

A=-1+i, = . =
5 3-4lle,| | 5 -2-ille,| |O

=X = {ﬂ = 6{21 } el 1% _ et [cosg) +isin()]

et [ L)
5 3-4llw| |0
:xiz{ﬂzc{ ' } I _ ot [cosg) —isin(t)]

y7A 2+i
% (t)
%,(t)

N

IO R . I e S .
}C{Z_Je ~[COS(t)+Ism(t)]+c2LH} [cos(t) —isin(t)]

[ cos(t) } L [ sin(t) } L
=c . e +c, i e
2cos(t) +sin(t) —cos(t) + 2sin(t)

dix@®| |1 2] x(® 2 .
Eg. Solve E{XZ (t)} - {_4 _5} |:X2 (t)]{l} . [2011 F AR

1-4 2
(Sol.) de{ } =\2+40+3=0, A=-1, -3,
-4 -5-1
1 - 1 -
A=-1= X = 5{ J , eJ.( 1)dt — e—t , and ,=-3 = X, = 62{ 2} , ef( 3)dt _ efat
t 1 1
%n (0 =¢|  let+¢,| e
X, () -1 -2
Particular solution: X, = TY, X, =AXy+g(f) = TY, =ATYytg(t) =Y, =T 'ATY,+ T'g()
-1 -2 -1 -1
d Y1 (t)_ -1 0 Y (t) 2 1 2 -1 0 Y (t) 5
e = + = +
dt|y,()| [0 =3y, ()] [-1 -1]|1 0 -3y, -3
yl(t) I 5+d1e_t le(t)_ 1 1 5'|‘dle_t
s = = = .
yz(t) __l+d2e73t XZp(t)_ -1 -2 -1+ dze73t

{ 4 :| |: 1 } ) |: 1 :| B . _ Xl (t) j| |: 4 } { 1 :| ) |: 1 :| B
= +d, e +ds e, .. = +C, e +¢C, € .
-3 -1 ~2 %0 -3 -1 ~2

1 1 2 1
Choose T such that T’lAT:D, Tz{ } le{ }
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Eg. Solve _{xl(t)} { 4 2“xl(t)}{ 1/t }
o171 2 -1||x0| | 2/t+a
(Sol.) f(A)=4*>+51=0, 1=0, -5: diagonalizable

1 -2 -
)\'1202)(1:61|:2:|’ e.[odt:eozl and 7\42:_5:X2:62|:1j|’ eJ.( 5)dt:e—5t

. . _ X1 (t) = 1l +1-2 -5t
Homogeneous solutions: X, = =C,| _|+C, e
X, (t) 2 1
Particular solution: X, = TY,, X, =AX,+g(t) = TY, =ATYp+g(t) = Y, =T ATY,+ T'g(1)

1 -2 1 2
Choose T'suchthat T'AT =D, T = , T :1
2 1 5[-2 1

)| |0 0 ||y, ()] 1] 1 2] 1/t
dt v,©| 1o =5|ly,®) | 5-2 1||2/t+4
5In(t) + 8t +c; | 8t +c!
:{yl(t)}_;[ raai ]ZX 1y {1 _2]5[51@%, t;c]
y,()] 5| z+C€ P P12 1|5| —+ce
5 5
_"xlp(t) 1 gl1 41-2] ¢ c, | —2| &
:‘Xp—_XZp(t)HJ'”“”é[ N
=[] et el
x| |2 52| 25
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Eg. There are two species of animals: wolf and fox, interacting within the same forest
ecosystem. Let w(f) and f{7) denote the wolf and fox population, respectively, at time z.
Suppose further that wolves might eat foxes as food and foxes might also eat wolves as
food, but only wolves are hunted by human. If there are no foxes, then one might expect
that the wolves, lacking an adequate food supply, would decline in number at a rate of
-11w(f). When foxes are present, there is a supply of food, and so wolves are added to the
forest at a rate of 3f(r). Furthermore the change rate of the wolf population also
positively depends on a seasonal hunting factor, denoted as 100sin(7). On the other hand,
if there is no wolves, then the foxes, lacking an adequate food supply, would decline in
number at a rate of -3f{(¢r). But when wolves are present, the fox population is increased
by a rate of 3w(?). Please answer the following questions: (a) Formulate the above system
by a set of differential equations. (b) Use variation of parameters to solve the system. (c)
What are the steady-state populations of the wolf and fox, respectively? [20065 K&

)|
(Sol.) (a) diwt)|_|-11 3 || w() s 100sin(t)
' dt f@)] | 3 -3] f() o |’

~11 3 , 1 3
O)A=| [ T | T0)= 0414042420, ha= 2 5x0=G, | |, he= -12=07G, |

w, (t -1 ~| 3
Homogeneous solution Xn: Xn= (0 =C,| e +¢, e
. (t) 3 1

Particular solution: X, = TY;, Xp‘=AX,+g(t) = TY, =ATYp+g(f) = Y, =T'ATY,+ T'g(?)

1 -3 1/10 3/10
Let T fulfill T*AT=D, T= , T'=
3 1 ~3/10 1/10

_ d[vO]_[-2 0 [vn®] [1/10 3/10][100sin()
dt|y,(t)| | 0 —12||y,@)| |-3/10 1/10 0

Ty (t 4sin(t)—2cost) +ce™ | B
=| 1O =|-72sin(t) 6cost) , i =Yp, Xp=TY,

LY, (1) 29 + +cle

_W(t) _C 1 o2 L E 3 o2y 1 -3 45i|'_1(t)—ZCOS(t)+Cl'e‘2t
:>_f(t) =4, 2| 4 3 1 _72255;n(t)+6cgg(t)+c;e12t

1 3 332 76
=c,|_ e +c, g2y L sin(t) L cos(t)
3 -1 29 | 276 29 (168

W(t)} 1 {332

(©) As 1>, {f(t) 29 | 276

76
}S in(t) - % {168} cos(t) : steady-state solution
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Eg. Solve i

il

(Sol.) Homogeneous

5/t—-A

det[ 3/t

h=2 (A= A% -

/12 :%a (A_ﬂzl)xz

ofselif <]

x ()|

NEACID
Note: @)= {5/ t
' |3/t

X, (1) ]
X, (1) ]

—1/t |

Ut—2

5/t -1/t
{3” 1/t
solutions: ®(¢)
=O:>/1=g,

t

3 -1

t ot {51

3 -1ile¢,

tot

1/t -1/t
={3/t 3/t

-1/t

i |20

|

I

ct® +c,t*
3ct? +c,t

X, (t)
X, (1)

4
t

H
Hy

Particular solution: X, (t) = @(t) - u(t)

i)

o-s]
o=s

|

2

&

|

2
—dt
:|’ e.[t 282|n|t| :t2

5/t -1
X, (t) = @'(t)-u(t) + d(t)-u'(t) = L/: 1/tt}®-u(t) +d(1)-u'(t)

-1/t
1/t

5/t
3/t

= u'(t) =%{

v

u, (t)
U (t)

2

1

u, (t)
U, (t)

Lem+L
2 2
tz

2
1

2t3

1

4t?

X, (t)
X, (1)

|

3t2
t+—In(t) +
2 ® 4

1
2

=

t2
{3t2

}X o (1) + [ﬂ = O(t)u'(t) = {ﬂ

o)

TN
2t

—1/t?
3/t*

X, (1)

|

t4
t4

~82~

:u1j|:C2 {1:| ej%dt _ pinld _ ¢4
H 1
t> t'|c
=®(t)-C
|:3t2 t4:||:02j| ()
211
VA S B O TR
Uttt |8 1
2tt 2t?
) 1 1
_ X,, (t) _ 2t E+§In|t|
X ®] (3t t*]]_ 1 1
L 2t® 42
-
21| Tt
1 2 4
o, | t?
2t =—In(t)+—
2 4 |




8-3 Nonlinear Systems and Phase Planes

dx
_t =F(x,y)
Autonomous system: , where F(x,y) and G(x,y) are both independent
=G(X,
d = GY)
of z.
Phase plane: The xy-plane for the analysis of the autonomous systems.
dx
—=F(x,y)=ax+by+P(x,y)
Theorem P(x.Y) lim Q(x.y) =0.

=G(x,y) =cx+dy +Q(x,Yy) o y)—>(o 9 m (%,y)-(0,0) m

We have kz-(a+d)/1+ad-bc=0 =A=h, A2

1. M#h2, M1, A2: real, LiA2>0, then (0,0) is a node.

Stable node in case of A1<0 and A2<0. Unstable node if A1>0, A2>0.
2. M#h2, M, A2: real, M122<0, then (0,0) is a saddle point.

3. A1, A2: complex with nonzero real part, then (0,0) is the point, which a spiral
approaches it.

Stable spiral in case of Re(A)<0. Unstable spiral if Re())>0.
4. M1, A2: pure imaginary, then (0,0) is a center of a closed curve.

0

Center Stable node (sink) Stable spiral

asC)

Saddle point Unsiable node (source) Unsiable spiral

L
A

dx_4x 2y —4xy

Eg. dt im =8’y

%_x+6y 62 ya (xy)—>(00) ,X +y (xy)—>(00) /X +y

22-10/+26=0 =21=5 + i, Re().)=5>0, .". (0,0) is an unstable spiral point.
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— =-3X+Y
Eg. gt —=24+6)0+8=0, A=-4, -2, and (-4)(-2)=8>0: negative and distinct,
y
—~=x-3
dt d

] x(t)=ce™ +c,e”™ >0
.. (0,0) is a stable node. Check: . ,
y(t)=-ce ™ +c,e™ -0

dx
— =—-X+3y
Eg. dt —\+30-4=0, A=1, -4, 1= -4, and 1(-4)<0, .". (0,0) is a saddle
ﬂ =2X-2y
dt

X(t) =ce' +c,e™

point. Check: 2 L If c1=0, (x(9)y(1))—(0,0). But in case of
y(t):gcle —-cC,e

¢, #0, (x(t),y()) — (0,0)

dx
— =3X+Y
Eg. gt =M\+4=0, A=+2i, .". (0,0) is a center of a closed curve.
Y _ 13x-3y
dt
X(t) = c, cos(2t) +c, sin(2t)
Check: )
y(t) = (2c, —3c,) cos(2t) + (—2c, — 3c, ) sin(2t)

Critical point: (xc,)c) fulfills both F(xc,)c)=0 and G(xc,yc)=0.
X"=F(x,Y)
y'=G(xy)’

where F and Ge C'(x,p), then there exists at least one critical point of the system
enclosed by C.

Theorem C is the closed trajectory of the autonomous system {

Three types of limit cycles: Stable, unstable, and semi-stable limit cycles.
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Stable limit cycle

Semi-stable limit cycle

= N
e

Unstable limit cycle

—~
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X' =X+ Y —XyX> +y?

Eg. Find the trajectory of the following system: .
Y ==Xty -y X +y’
(Sol.) Let x=rcos0, y=rsinb, x =-rsinf - 4°, y’=rcos - 6§’

) r2=x2+y2,
SorrEectyy = - (X YW+ Y =P = =r=T1)-- (1)
(1) is a Bernouli’s equation. r-r=-r*, a=2, z=r' %= 2=y = y=z"!

) 1dt
—-z2z-z'=-z2, z’+z=1. Integrating factor: eI =¢

, , i 1
e'z'+e'z=é, [e'z] =€, e'z=e'+c, z=1+ce”, T = —~
1+ce
1 1 1 1-r,
r=rpatt=0=r=——=-—=1+c=>c=—-1=—-"
l+c 1, r r

" yx’=xy’= rsin@(-rsind - 0°)- rcosO(rcosd - 0)=-r20’,
-r29’=yx -xy ’=x2+y2= =0 =r’=60=-1------ )
0=0,t

(1)and )= <r =

If ,=1=r=1;elseif ry<l=r—1else,r, >1=r —>1".

In this example, the unit circle 7=1 is a stable limit cycle.
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8-4 Some Approximate Solutions of Nonlinear Ordinary Differential Equations

Eg. For a simple pendulum of mass m with a thread of length /, show that
2

((j.'in +9sine=0 . Solve it and obtain its period. [1991 & KXZHF - 2009 X A BIE

Frl
(Sol.) AN l
Total energy is conservative: [cos(0) \
= g N,
mg(l —1cosé) + 1 m(l d—'9)2 =Constant 7 1
2 dt h=l-Icos(8)=1[1-cos(8)] )
2 . ®
= d—f +Y9sing=0
dt= 7
2
Let U=d—0, U'=d—u=d—20 :>u'+gsin9=0:>u%+gsin9-d—0=0
dt dt dt | dat ¢ dt

2
— udu=—Jsinado = u? = %(COSH —C0s6,), where 6, is the initial angle

déo

do
u= =

2 1/2
=50 {%(cos&—cos@o)} = dt=

2 1/2
[f (cosd — cos&o)}

déo

Period: T =4[ pdt=4[¢ >
\/5 (cos@ —cosb,)

2
If 8 is small, Sin9z9:>%+%9=0:>9=c1cos(\/%tJ+czsin{\/%t]

Eg. Inverted pendulum

d?x d?e . do
F=(M+m)-— —ml cos(8) - — + ml sin(8) - [—]
(+)dt2 ()dt2+ ()[dt]

d2e ) d?x
| —-—gsin(8) =cos(8) - —-
sz 9 @ (@) e
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http://faculty.pccu.edu.tw/~meng/Inverted pendulum.mp4
http://faculty.pccu.edu.tw/~meng/Inverted pendulum 2.mp4

Eg. Solve Van der Pol’s equation y"(t)+s[y?(t) —1]y’(t) + y(t) = 0.
(Sol) Forz=0, y(t) = Asin(t+¢), y(t)=Acost+g)
If e is small, y(t) = AQ)sinft+4O](1), y'(t) = A)cosft + #(t)]-(2)

') = AQSInt + pE)]+ AQCOSE +FOT- [t g/E)] ---vvvvvveeveee 3)
(2), 3)= A'(t)sin[t + @(t)]+ At)@' (t) COSEt + P(t)] = 0 wvvererermreeneee (4)
(2)= y"(t) = A'(t) cost + #(O)] - A®W) -sin[t + SO [L+ /O] -+ 5)

(2), (5)= A'(t)cosft + #(t)]— A(t)¢'(t) - sin[t + ()]
= g[1— A% (t)sin®[t + #(t)] - A(t) cost + #(t)] (weset O =t+g(t))

3 3
= 8{|:A(t) —AT(t):|COS(9) +AT(1:)COS(39)} ........................... (6)
_[5” cos(0) x (6)de = A'(t) = A(t) — A3)(t): Bernoulli's equation A(t) = 2{ 1 T/Z
4 = 1+ce™
[ 37 sin(6)x (6)d0 = ¢'(t) =0 #(t) = &,

:y(t):z{ } -sin(t + ¢,)

1+ce™

d?y

Eg. Obtain the particular solution of —-+@?y + &y’ =I'cos(x) .
X

(Sol.)  Suppose Y(X,&)=Y,(X)+&y,(X) +&7Y,(X) +--
[y () +&y7(X) + &% Y5 (¥) +-- T+ 0" [y, (¥) + &y, () + &7y, () +--]
e[y (X) +&y, (X) + £2Y,(X) +--1° =T'cos(x)
= [yg (%) + @y, ]+ &ly; () + @0y, () + Y5 (¥)]
+&°[Y5 (%) + @y, (X) +3y,” ()Y, ()] +O(°) = Tcos(x)
= Yo () + @Yo () =Tcos), y;(x)+@’y,(x) ==-y5(x),
Y3 () + @Y, (X) ==3ys ()Y, (X) = Solve Yo(x), yi(x), ...

Eg. Obtain the approximate particular solution of y” + % y+0.1y® =cos(x).
(Sol) y(X;€) = Yo(X) + &y, (X) +£°Y,(X) +7Y;(X) +-++ = Yo (X) + &1 (X)
= Y™+ Yo(X) = C08(0) = Y, =~ 005

" 1 4 : 64 64
X)+— X) =—| ——=COS(X =——C0S(X) ———=CO0S
V0 +§ .00 = - 30056 | =, =~ 5 cos() o cost

= Y(X) = ¥, (x) + 0.1y, (X) = —1.57 cos(x) — 0.006 cos(3x)
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8-5 Sturm-Liouville Theory

Consider y " +R(x)y +[O(x)+1P(x)]y=F(x), multiply it by e'R®%*  and then let r(x)=
eJR(x)dx : q(x)ZQ(x) eIR(x)dx ,p(x)ZP(x) eJR(x)dx , andf(x)=F(x) eIR(x)dx

= Sturm-Liouville form: [#(x)y’(x)] +[q(x)+Ap(x)]y(x)=fx)

Eg. Find the eigenvalues and eigenfunctions of y”-2y’+2(1+4)y=0 with boundary
conditions y(0)=y(1)=0, and transform it into the Sturm-Liouville form. [1990 &

RIERSFT]
(Sol.) 2-2r2(142)=0, r=1%1-2(1+A) =1%./-(2A+1)

If A= —%, r=1, 1l =>y=Ae+Bxe*

Y(0)=y(1)=0=A4=B=0, .". trivial solutions
If A< —% , -(2A+1)>0, =1tk =y=Ae 4Bl Hx
Y(0)=y(1)=0=A4=B=0, .". trivial solutions
If A> —% , “(2A+1)<0, r=14ki = y=€*(Acoskx+Bsinkx)
y(0)=0=A=0
n?z% 1, - . the corresponding eigenfunction is e*sin(nmx)

2
eJ—de :e-Zx’ y ”e-Zx_ze-ny ’+2(1+/1)e-2xy:0 - [e -2x ’(x)] +[2€ 2x+/12€ 2x1y(x) 0

YO =0=k=nz=> 1=

Eg. Find the eigenvalues and eigenfunctions of x*y”+xy’-iy=0 with boundary
conditions y(1)=y(a)=0, 1<x<a. [1991 & KT

(Sol.) P+(1-1)r-A=0, r=%/A

c,+¢c, /=0
IfA=0, y(x)=c,x°+c,x°/n(x)=c, +c,fn(x), o =c2=0.
y() 1 2 () 1 2 () {Cl+02£n(a)=0:>cl C2
d,-1+d,-1=0
I£2>0, set A=k, y(x) =dx* +d,x™, < 1 P T T —di=d=0
d,a“+d,a™ =0

If A<0, set A=-k2,

y(x) =ex“ +e,x ™ =g "™ 1 g, .e™"® =h cos[k In(x)] + h, sin[k In(x)]
WD)=0=5 =0, /(@)=0 = k=2 = 2 = [-MZ_J? —, y(x) = sin[ 22X

In(a) In(a) In(a)

Eg. Find the eigenvalues and eigenfunctions of y”-4iy’+4i%=0, y(0)=0,
y(D)+y’(1)=0. [2007 TR E T

(Sol.) r*-42r+42%=0, r=21, 21 y(x)=c1e**+coxe**

If =0, y(x)=c1tc2x, ¥(0)=0=c1=0 and y(1)+y ’(1)=0=c>=0.

If 2£0, ¥(0)=0=¢1=0 and y(1)+y’(1)=0=A=-1 and y(x)=xe>
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Eg. Find the the eigenvalues and eigenfunctions of y”+(1+L)y=0, y(0)=y(w)=0.
[2017 SBEA B

(Sol.) 1. If A=-1, y=ax+b =a=b=0: trivial solution.

2. If A=-1+k*>0, y=acos(kx)+bsin(kx) =a=0, k=n =A=-1+k’>=-1+n? and y=sin(nx).

3. If \=-1-k?<0, y=ae™+be™ =no solutions.

Sturm-Liouville theorems

1. For the two distinct An and Am of the Sturm-Liouville problem, with
corresponding functions gn and ¢m, then Ip(x) fulfills Igp(x)¢n(x)¢m (x)dx=0
if n#+m.

2. For the regular Sturm-Liouville problem, and two eigenfunctions
corresponding to a given eigenvalue are linearly dependent.

Eg. For y”+i =0, y(0)=y(n/2)=0.

1. If 2=0, y=ax+b = a=b=0: trivial solution

2. If A=k>>0, y=acos(kx)+bsin(kx) =a=0, k=2n = h=k*=4n>
3. If A=-k*<0, y=ae’*+be™ = no solutions

And p(x)=1, j 22 p(x)sin(2nx)sin(2mx)dx = 0 if n#m.

Eg. The eigenfunctions and their corresponding eigenvalues of the stationary
2

o 1//+621//
2 ayZ

Helmholtz equation =-k*y are presented as follows.

B pl B .
-0.2 0.1 =032 =01

The first eigenfunction, k* = 106.6774 The second eigenfunction, &* = 254.2339

0
-02 =04

The third eigenfunction, k> = 286.0975 The tenth eigenfunction, &% = 960.0726
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Eg. Given a refractive index distribution n(x,y), the eigenmodal function @(x,y)

2 2
of an optical waveguide fulfills %+¥ +k*n(x,p)*d=p*®d, where B is the
X
eigenvalue and S represents the phase constant of the lossy waveguide or the
propagation constant of the lossless waveguide. The eigenmodes of some optical
waveguides are presented as follows.

Si core

Oxide cladding 200nm

Diffused wg _ _
Doped Si Rib wg Strip wg
: 10x7 um 2x4 um 0.2x0.4 um
n*Si , o —
SOl | 2ol |
-
R~1cm R~1Tum

Silicon nanophotonics

If the eigenmode is injected into an

infinitely-long straight waveguide, it can
propagate along the waveguide without any

T deformation. However, in case the input light
is not an eigenmode, some optical power loss
occurs and then it becomes the eigenmode
gradually.

23 2

Input eigenmode Input non-eigenmode
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Eg. One-dimensional wave function ¥(x) in a quantum well

:; ; {0, 0<x<L

with infinitely hard walls, V= , fulfills

o, elsewhere
A /dx*+2mEY/1*=0 in 0=x=L with boundary conditions
x  Y(0)=Y(L)=0. It can be transformed into the eigenvalue
h? d?¥
problem as —-_——
2m dx

2_232
nN“zh
eigenvalue E is quantized as Eﬁﬁ and the corresponding eigenfunction is
m

0 L

=EY . It is proved that the

Wa(x)=+2/L sin(nmx/L).

J Eg. One-dimensional wave function W(x) in a

Energy quantum well with two finite potential walls, V=
0, 0<x<L
v , fulfills
V, elsewhere
I +E 1 11 d’¥. 2m
T;Jrh—z(E -V)¥, =0
2 g d’¥, 2m
T 0 L X S+ —¥, =0 with  boundary
, dx h
d°¥,, 2m
dTZI”+h_2(E -V)¥,, =0
conditions: ¥1(0)=¥u(0), ¥Yu(L)=¥m(L), ¥1’(0)=¥1’(0), ¥u’(L)=¥u’(L). And the
Y, (x) =Ce™
eigenfunctions have the forms as <V, (x) = Asin( Z;nEX) +Bcos( Z;nEX) .
¥, (x) = De™

o NS v~
¥ "/\//- a2 =]
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Eg. Tunnel Effect: One-dimensional

4 wave function ¥(x) in a quantum barrier,
E—> V(>E), 0<x<L
V(x)= , fulfills
Energy i 1 it 0, elsewhere
X= X= s d Z\P
= ey
, dx h
Yy, Y, d-v¥ 2m .
ML E g TZH"Fh—Z(E —V)\P” =0 with
UL 2
g
d—z'“ + Z—T EY,, =0
” dx h

boundary conditions: Y1(0)=Yu(0), Yu(L)=¥Ym(L), Y1’(0)=¥1’(0),
Yiu’(L)=%¥m’(L). And hence the -eigenfunctions have the forms as

¥, (x) = Ae™* + Be ¥ . N _
| 2mE k= 2m(v —E) k3= 2mE =k

¥, (x) =Ce™* + De™™* , where ki=
i (x) = Fe'
The quantum mechanics canl 6prove that the transmission probability is

T=peu P P FPIAR = BT

1- 2ol g2kl

PAWL W

x=0 x=L
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