Chapter 6 Recurrence Relations

6-1 Linear Recurrence Relations

The 1%-order linear recurrence relation of an: a,:1=C,a+0h, C,;#0

Iteratively solving 1*-order linear recurrence relation a,+1=Cpan+dn:

a, =C,q +do , & =064 +dl =C,(C, 3y +do)+d1 =CG3, +C1d0 +d1 >

a, =¢c,a, +d, =c,(cc,a, +cd, +d,)+d, =c,cc,q, +c,cd, +c,d, +d,, ...,

a,=¢_C,, GCa +C_C,, "'Cldo + GGz "'Czdl +eeet dn—l

n

If c,=c and d,=d are independent of n, a, =c"a, +(c"" +c" > +c"’ +...+c+1d.

Eg. Solve an+1=2a,-1.

(Sol.) a, =2a,-1, a,=2a,-1=4a,-3, a,=2a,-1=8a,-7, ...
By mathematical induction: a, =2"a, —(2" -1)

Tower of Hanoi: Transfer n disks to another peg by moving on disk at a time and
keep smaller disks being placed on top of the larger ones. Let C, denote the number of
moves. We have the 1¥-order recurrence relation: ¢,= 2C,;+1, ¢;=1. And we have
ci=1=2"-1, =2 ¢;+1=3=2"-1, ;=2 o+ 1=2°-1=7, ..., ¢,=2"-1.

Videos of Hanoi Tower with 2 disks, 3 disks, 4 disks, 5 disks.

frest priis

second parl: 8

fhind frard:



http://faculty.pccu.edu.tw/%7Emeng/disc2.avi
http://faculty.pccu.edu.tw/%7Emeng/disc3.avi
http://faculty.pccu.edu.tw/%7Emeng/disc4.avi
http://faculty.pccu.edu.tw/%7Emeng/disc5.avi

Eg. Given recurrence relation Sp=1 and S,=2S,.;+n. (a) Find an explicit formula
for Sy. (b) Prove your answer in (a) by mathematical induction. ['F'p‘bi[-k?}j 5]

(Sol.) (a) S=1, S=2S+1=3, S=25+2=4F+1x2+2=8,

S=25+3=8SH 1 X2x242x2+3=19, S=2S+4=16S+1x2x2x24+2x2x24+3x2+4=42, ...,
S,=2"+1x2" 142 x2M 24 35234 4x 2™ 4,

(b) n=1, §=1=2""1-1. If §=2"+1x2"4+2x2"24+3%x2"3+4x2"*+ | +n holds, then
S =28 =22 12 4252 24323 44X 2™ )]
=2" 1 x2M2x 213X 224X | X2+

The 2"-order linear homogeneous recurrence relation of a,: ans2+Cnans1+dnan=0
The 2"-order linear nonhomogeneous recurrence relation of a:
ans+2tCnan+1tdnan=t,

Solutions of 2"-order linear homogeneous recurrence relation ans+cans1+da,=0
with constant coefficients:

n+2

Suppose a, =r", r"™ +cor™ +dr" =0, r’+cr+d=0

Casel r=r, r,eR, r,#r,=a,=¢I " +C[I,"
Eg. Solve a,,, +2a,,—3a,=0.

(Sol.) r*+2r-3=0, r=1,-3=a,=¢,()" +¢,(-3)" =¢, +¢,(-3)"

Case2 r=r,=r,=a =CI," +c,nr"

Eg. Solve a,,, —-8a,,, +16a, =0.

n+1

(Sol.) r* —8r+16=0, r=4,4=a, =c,4"+c,n4"

Case 3
r=atif=pe™ =a,=c(a+if)"+c,(a—if)" = p"[d, cos(nd)+d, sin(ng)]

Eg. Solve a,,, -2a,,, +2a,=0.

n+1

(Sol.) r*=2r+2=0, r=1%i= \/EeijZ =a,= (\/E)n {Cl cos[%j +C, sin[%rﬂ



Eg. Given the following recurrence equation: rp=r,.1+2r,, with ro=1, r;=1. (a)
Please answer the values of r,, and ry. (b) Please find the general expression for

rnin terms of n. [ "F“—’Fﬂﬂ

(Sol.) (b) Set n-2=m, m=n+2, and then reset m=n. We have r.,, —r,,, —2r, =0.

r’—-r-2=0,r=2,-1=r, =¢2"+c,(-)"

f=1, 1=1=¢=2/3, =13 = 1, zg.zn +%-(—1)”

2 1 2 1
a) ,==-2+--(-1)>=3 and r,==-2"+—-(-1)"" =683
(@) =32+ (D 0=32" 5D

Fibonacci sequence: fi=f,=1, f,=f,;+f.,, n=3,4, 5, ....
We can obtain the Fibonacci sequence as 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, ....

Set n-2=m, m=n+2, and then reset m=n. We have f,.,-f,+1-f,=0.

rz_r_lzo,rzli\/g’ l-l—\/_ d(—\/_)n f1:f2:1:>C=—d=L
2 2 Js
1+[ 1-+/5,
fo=—=( )——(—)
ﬁ V5
Eg. Show that f,;> (1 +2\/§)n1 ,n>1.

Recursive Expressions
Eg. Rewrite s,=1+2+3+4+...+n into a recursive expression.
(Sol.) s;=1, 5= S, itnforalln>1.

6-2 Nonlinear Recurrence Relations

an—Z
a

Eg. a,=3a are both the 2"-order nonlinear

n n-1

a,, and a, =

n-1

homogeneous recurrence relations of a,.

Eg. Solve \/a_n:,/an_l +2 4., -

(Sol.)Let b,=4a,, b,=b,,+2b,,, b,—-b,_,-2b, ,=0, r’-r-2=0,r=-1,2

n !

b, =&, =¢,(-)"+¢,2", a, =[c,(-1)" +¢,2"]?



6-3 Double-index Recurrence Relations

Ackermann’s function: A(mn)=A(m-1,A(mn-1)), A(m,0)=A(m-1,1), and A(0,n)=n+1.
Eg. Find A(1,1).

(Sol.) A(1,1)=A(0,A(1,0))=A(0,A(0,1))=A(0,2)=3

!
Eg. Show that C"+C", =C™ if C"=— "
r‘(n—r)!
! !
(Proof) C/+Cl=— 40 gL, L
r‘\cn—r)! r+hHi(n-r-1)! rr\cn—-r)! (r+hHi(n-r-1)!
_n r+1 n—r - n+1 B (n+1)! il

D=0 r+DIn=nr T raDn=r)1 _ (r+Din_ry



