Chapter 12 Conformal Mapping

12-1 Introduction

Complex image transformation: w=f(z)=f(x+iy)=u+iv
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|det(Jacobian matrix)| =|det v v 1f(2)|
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Area magnification factor: [/’(z)|, Rotation angle at zy: arg[f"(zo)]

Critical point z.: z if /(z.)=0

Theorem If f(2) is analytic in R and f’(z9)#0, then w= f(z) is a conformal mapping.

(Proof) f(z) is analytic & Z—u = voou_ v
X
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the area magnification factor

Ci =200, CwmnloAle), S8 =Ly E

dt dz dt
Let ‘;—V: = pe”, % =re', f(z)=Re'¥, then

e = Rre' ™) = ¢ =0 +y =0+arg(f(2))

= /')’

¢, —>c, ¢, >cy and ¢ =6, +arg(f'(z,)), ¢, =0, +arg(f'(z,))

=>¢-¢,=6
12-2 Conformal Mapping

Linear transformation: w=Az+B, A#0

This transformation can magnify a closed region or rotate a straight line.

Reciprocal transformation: w=k/z

is called

This conformal mapping is from the exterior/interior region of a circle to the

interior/exterior region of a circle.

Eg. Map |z|<1 to |W[>4. (Sol.) w= 4
z
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Az+ B

Cz+D
This conformal mapping is from a circle/line to another circle/line. For z;—wy, zo—w»,
(w—w)(w, —w;) _ (z=2)(z, - z;) — = Az+ B
(w=wy)w, —=w) (z-2z;,)(z, —z,) Cz+D

Linear fractional transformation: w=

Z3—™Ws3, then

Eg. Find a linear fractional transformation w=f(z) with 3—i, 1-i—»4, and
2-i—6+2i.

(Sol.) w—1 -2-2i  z-3 -1 :>W_(20+4l)z—(16z+68)

w—(6+42) 4—i z-2+i —2—i  (6+50)z—(22+7i)

Eg. Find a linear fractional transformation w=f(z) with i—4i, 1—3-i, and 2+i—o0.

(So 1) w—4i 3—z—oo= z—1 ’—l—z:w=—1+3z+(5—z)z
-0 3-5i z=2—-i 1-i 24+i—-z
. NS . 2z-5
Eg. Find a fixed point (invariant) for w= .

z+4

2z —

(Sol.) w= 45:Zz>Zz+ZZ+5=0:>Z=—1i2i
z+

Schwartz-Christoffel transformation: This conformal mapping is from the upper

half plane to a polygon. For x;—w,; (inner angle 6,), x,—w, (inner angle 6,), ...,
0, 6

o Y 4
Xn—Wy (inner angle 6,), then w=4 j (z=x)" (z=x,)% ~(z=x)7 dz+B.

i glfen '_:'_W. o Eg. Find a conformal mapping w=f(z)
::-.'._-._ <. :.. ::: E'-: from the upper half plane to an infinitely
SR el Tl deep rectangular well and -co—-m+ico,
e T B :':'.:=_ b 4 '_-:- -1—-x, 1>m, and co—m+ioo,
...1..1.. -x 3 7;! I |

Wi

=2, (=2,
(Sol.) w= Aj(z+1)” (z-1) = dz+B

_Aj AIL+B=A'sin-l(z)+B
NzP - 17\1-2°
n=A—+B ,
2 A" = P |
lo-mlon= = B0’ w=2sin""(z)
— —A' B B
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Eg. Find a conformal mapping w=f(z)
from the wupper half plane to a

N it rectangular region and -co—ih,
P H R } -1/k—-c+ih, -1—-c, 0—0, 1—c,
o <t e e ] /k—c+ih, and co—ih. (K<1)

i " :. = ..f
i
dd = 1 1 .M: x j -c .c u

(Sol.) w=AJ.(z+zj (z+D) 7 (z=0)" (z—1) ~ -(z—;j dz + B
= A e S+ B=kd| dz +B
1 JA-z)(1-kz%)
(ZZ _1)1/2 Z2 -
k2
. B ) B s dz
z=0>w=0,.. B=0=>w=C| s
i Eg. Find a conformal mapping w=f(z)
g from a sector to the upper half plane
& '-. ..' l..'l.- i
o %% and (limRe”)—-o,0-0, and 1-1.
.l.:- .l : =..:= —>0
LR BANT Wl
" g E .1.. lu

(/)
(Sol.) z=f"(w)=4[(w=0) 7

(w=1)7 dw+B

1 1

1
= Afwr 'dw+ B = Amw" + B= A'w"” + B

1
" z=0->w=0 and z=1->w=1,.". A'=1, B=0=z=w"=>w=z"
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Eg. Find a conformal mapping w=f(z)
from an infinitely long belt to the upper

'.":'.'.: ot half plane and ocotmi—-00, 7@i—-1,
"3 ..-: R :':: -OO+7ti—>0_, -OO—>0+, 0—1, and co—co0.
ix s .l- .l .I-l # ]
et A T ot
o g n e TrHEER T

Wz

(”/2)_1 @_1 f_l
* (w=0") = (w—1)" dw+B

(Sol.) z=f"(w)=4] (w+1)%_1 (w=0")
= Ajd—W+B = Aln(w)+ B
w

z=7zi—)w:—1:>7zz'=Aln(—1)+B=Aln(e"’)+B=i7zA+B
2=0>w=1  0=Aln()+B=B

= A4=1,B=0= z=In(w) = w= f(z)=¢
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