
Chapter 15 Difference Equations and the Z-Transforms 

15-1 The First-order Linear Difference Equation yk+1=akyk+bk, ak≠0 

Solution: 
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Eg. Solve yk+1+2k yk=1. 
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Eg. Solve yk+1=kyk. 
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Eg. Solve yk+1=yk+k2-k. 
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15-2 The Second-order Constant-coefficient Difference Equations 

yk+2+ayk+1+byk=fk 

 

Homogeneous form: yk+2+ayk+1+byk=0 

 

Suppose yk=rk, rk+2+ark+1+brk =0, r2+ar+b=0 

Case 1 Rrrr  21 , ,  21 rr  kk
k rcrcy 2211 

Eg. Solve yk+2+2yk+1-3yk=0. 
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Eg. Solve yk+2-8yk+1+16yk=0. 
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 Eg. Given the following recurrence equation: rn=rn-1+2rn-2 with r0=1, r1=1. (a) 
Please answer the values of r2,and r10. (b) Please find the general expression for 
rn in terms of n. [台大電研] 



 (Sol.) (b) Set n-2=m, n=m+2, and then reset m=n. We have rn+2-rn+1-2rn=0. 
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Method of undetermined coefficients: 

A particular solution yk
(p) is chosen by these rules: 

1. fk is a polynomial, yk
(p) may be a polynomial. 

2. fk is a combination of sinusoidal functions, so is yk
(p). 

3. fk is an exponential function, so is yk
(p). 
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Eg. Solve yk+2-4yk=sin(k). 
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Eg. Solve yk+2+3yk+1-4yk=20k. 
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Eg. Solve yk+2-4yk+1+4yk=3．2k+5．4k. [清大化工所] 
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Variation-of-parameter method to find the particular solutions: 

 For a homogeneous second-order linear difference equation, if  and  are 

solution of it, then  is also a solution for arbitrary c
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Eg. Solve yn+2+8yn+1+7yn=nen. 
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15-3 Cauchy-Euler Difference Equation k(k+1)D2yk+akDyk+byk=0 
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Eg. Solve k(k+1)D2yk-5kDyk+8yk=0. 
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15-4 The Z-transform and Its Application 

Discrete Laplace transform:  





0

* )()]([)]([
n

nTsenTfnTfLtfL

Let Z=eTs, and define Z-transform as F(Z)=z[f(t)]= z[f*(t)]=  






0

)(
n

nZnTf

Properties of Z-transform z[f(t)]=F(Z): 

1. z[c1f1(t)+c2f2(t)]=c1F1(Z)+c2F2(Z) 

)2()()0()( 21 TfZTfZfZZFZ nnnn  

2. z[f(t+T)]=Z[F(Z)-f(0+)], z[f(t+2T)]=Z2F(Z)-Z2f(0+)-Zf(T) 

z[f(t+nT)]=

 
















1

0

)()(
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(Proof)   








 
0 0
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
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3. z[f(t-T)]=Z-1F(Z), z[f(t-nT)u(t-nT)]=Z-nF(Z) 

(Proof)  





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4. z[e-atf(t)]=F(eaTZ) 

(Proof) z[e-atf(t)]= =F(e 







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 for |Z|>1 

6. z[tf(t)]= )(ZF
dZ

d
TZ , )]}([{)]([ 1 tftz
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d
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7. f(0+)= : the initial-value theorem )(lim ZF
Z 

)()1(lim)(lim
1

ZFZnTf
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: the final-value theorem 
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Eg. Determine z[1], z[t] , z[at], z[e-at], z[sin(at)], and z[cos(at)]. 

(Sol.)  nnTftf  ,1)(1)(
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Table of the Z-transform pairs: T≠1 

f(nT) F(Z) 
δ(nT) 1 

1 or u(t) 
1Z

Z
 

nT 2)1( Z

TZ
 

naTe  aTeZ

Z


 

nTa  TaZ
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2  aTZZ

aTZ
 

)cos(naT  
1)cos(2

)cos(
2

2




aTZZ

aTZZ
 

 

Table of the Z-tranasform pairs: T=1 

f(n) F(Z) 
δ(n) 1 

1 
1Z

Z
 

n 2)1( Z

Z
 

e-na aeZ

Z


 

an 
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Inverse Z-transform: If F(Z)/Z=
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1 , and then we have 

f(n)=A1p1
n+ A2p2

n+ …+ Akpk
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Eg. Solve an+1-0.5an =1, a0=1. 

(Sol.) Let an=f(n), z[an] =F(Z), z[an+1]=ZF(Z)-Zf(0)=ZF(Z)-Z, a0= f(0) =1 
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Eg. Solve an-0.5an-1 =1, a0=2. 

(Sol.) Let m=n-1, n=m+1 1
2

1
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rm

)= )-Z f(0+)-Zf(T), and define r0=f(0+), 
r1=f(T Z2R(Z)-Z2r0-Zr1]-[ZR(Z)-Zr0)]-2R(Z)=0 

 [Z2-Z-2]R(Z)=Z2, 

nanf  

 

Eg. Solve rn=rn-1+2rn-2 with r0=1, r1=1.

(Sol.) Let m=n-2, n=m+2  +2-rm+1-2rm=0  rn+2-rn+1-2rn=0, 
z(rn+2)-z(rn+1)-2z(rn)=0. 

By z(rn R(Z), z(rn+1)=Z[R(Z)-f(0+)], z(rn+2)=Z2R(Z 2
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