Chapter 15 Difference Equations and the Z-Transforms
15-1 The First-order Linear Difference Equation yi=ayyx+by, ax#0

Solution: % Visl — i b );:kﬂ -1 k
[le: Il Ila [la Ila [l«
i=0 ' i /
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Eg. Solve Y+ +2k yk=1-

k(k+1)
(Sol.) yy. :_2kyk +1, a; = -2, Ay a, ---ay; = (-2 2
N _ Yy 1
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i=0
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k-1 _
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Eg. Solve y, :%yk+4.

(Sol.) a, =%¢0 for k40, aa,------ a, -1

Vin ky _ 4 o
Vk+1) k+1 1(k+1) 1(k+1)’ (k+ D)y, —ky, =4k +1)

Let 4, =ky,, A, =k+D)y,, 4, -4, =4k+1)

-1

B

(4. —A]= 4, -4 =4 FDEFD

~.
Il
_

A =A+2(k-D)(k+2)=ky, = y, :%[Al +2(k =1)(k+2)]
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Eg. Solve yy+1=kyx.

(Sol) a, =k, aa,—a, =k, T =Tk Yet 4 =y J(k-1), A, =y, /K

kK (k=1
Ay =4 = 4, = 4
=y =4, (k=1)!

Eg. Solve yy1=p+k*-k.
, S ek
(Sol) yyu -y =k —k, yk—y0=Z(n —n)=Zn —ZH
n=0 n=0 n=0

_k(k-D@k-1)  (k=Dk _ k(k-1)(k-2)
- 6 2 3

. :y0+k(k—1;(k—2)

Notations: Dyk =Vin — Vi» Dzyk = D[Dyk] = D[yk+1 —yk] = Vi _2yk+1 +yk o
Dnyk :yk+n _Clnyk-pn*] +C;yk+n—2 _++yk

15-2 The  Second-order Constant-coefficient Difference  Equations
Y2 tay thyw=fx

Homogeneous form: yyx+ayy1+byx=0

k k+2 k+1
Suppose yx=r, r “tar

+brk =0, r*+ar+b=0
Casel r=r, rneR, rnzrn=y =cn' +c,n"
Eg. Solve yk+2+2yk+1'3yk=0-

(Sol) r2+2r=3=0, r=1-3=y, =c,()f +¢,(-3)" = ¢, +¢,(-3)*

Case2 r=rn=r,=>y, = +c,kr”

Eg. Solve yx+2-8yx+1+16yx=0.

(Sol.) 7> =8r+16=0, r=4,4=y, =c,4" +c,kd"
+i6 . k . k
=y, =c(@+iff)" +c,(a—if)

= p"[d, cos(k®) + d, sin(k8)]

Case3 r=axiff = pe

Eg. Solve yk+2‘2yk+l +2yk=0.

(Sol) r?=2r+2=0, r=l4i=+2¢"* =y, =(V2f {Cl COS(%”}*% Sin(%ﬁﬂ
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Eg. Given the following recurrence equation: r,=ry1+2r,, with ro=1, ri=1. (a)
Please answer the values of r;,and ry9. (b) Please find the general expression for
ryn in terms of n. [’F'}*”Fiuf"]jﬂ:]

(Sol.) (b) Set n-2=m, n=m+2, and then reset m=n. We have rpp-rn1-2r,=0.

rP—r-2=0,r=2,-1=r, =¢2" +c,(-1)"

ro=l, r=l= =213, er=13=> 1, :%2" +§.(_l)n

2 1 2 1
(a) I"z =§.22+§,(_1)2 =3 and 7'10=§'210+§'(—1)10=683

Method of undetermined coefficients:

A particular solution y,” is chosen by these rules:

1. fi is a polynomial, y,” may be a polynomial.

2. fi is a combination of sinusoidal functions, so is y .
3. fi is an exponential function, so is y .

Eg. Solve yiia-Tyi1 +12p=-16+12k.
(Sol) vy, =7y, +12y, =0 =y =¢ 3" +¢,4"
Let y”’ =A+Bk, y,,,=A+B(k+1), y,,=A+B(k+2)
Visr =1V 12y, = A+ B(k+2)=T[A+ B(k+1)]+12[A+ Bk] =-16+12k

6A4—5B+6Bk =—16+12k
64-5B=-16 A=-
= =
6B =12 B=2
.y =3 e, 4 —1+2k

1
=y =-1+2k

Eg. Solve yk+2+8yk+1+12yk=ek.
(Sol) ¥ =¢,(-2)" +¢,(-6)"

Let y,"” = de*, y, =de"' =de-e*, y,, =Ae? = 4e* - &

Vi +8yI 12y = A(e® +8e+12)e" =€

1 er
= Ad=—F———= ,(f):z—
e" +8e+12 e +8e+12
k
e

Loy = (2 e, (-6) A
Vi 1 (=2) ,(=6) o’ 18¢+12

~ 7136



Eg. Solve yy>-4yi=sin(k).
(Sol) y" =¢,2" +¢,(-2)". Let y” = Asin(k)+ Bcos(k)
= Asin(k +2) + Bcos(k +2) —4Asin(k) — 4B cos(k)
=[Acos(2) — Bsin(2) —4 A]sin(k) +[Asin(2) + B cos(2) —4B]cos(k) = sin(k)

_cos(2)-4
{A cos(2) — Bsin(2) —44 =1 N 17 -8cos(2)
Asin(2)+ Bcos(2)—-4B =0 Bo_ " sin(2)
17 —8cos(2)

oy =02 4o, (-2 + WICOS(Z)[(COSQ) —4)sin(k) —sin(2) cos(k)]

Eg. Solve yyi2+3yk+1-4y=20k.
(Sol.) ¥y +3¥, =4y, =0y =c 1" +¢,(4) =¢, +¢,(-4)"
1. y{"’ = A+ Bk, A and B are independent of k.
= A+B(k+2)+34+3B(k+1)—4A4—-4Bk =20k
= B =4k isnot a constant.
2.y, = A+ Bk + Ck’

= A+ B(k+2)+C(k+2)* +34+3B(k +1)+3C(k +1)> —44—4Bk —4Ck
= (5B +7C) +10Ck = 20k

5B+7C=0 =—— (p) 14
= =

10C =20 C—2

oy =c e, (- —%k+2k2

Eg. Solve yin-4yi1+4mc=3 + 2545 - 45 B2 57

(Ans) v, =c¢,2" +c k2" +%k22" +%4k
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Variation-of-parameter method to find the particular solutions:

k
solution of it, then ¢, y" +¢,y® is also a solution for arbitrary c¢; and c,.

For a homogeneous second-order linear difference equation, if y" and y{” are

1) (2)
Vi Vi

© (2)
k+1 k+1

1 ,,(2) (2) 1,M

Wronskian determinant: W, = =Y Yir =~ Vi Vi

Determine the particular solution of y,,, +a,y,,, +b,y, = f,.

Suppose p" =,y +c,y®, thenlet y» = 4,y + B,y

(p) _ 1) (2)
Vi = Aea Vi + Beayia

= Akyl(clJr)l + Bkyl(ci)l + [yl(clJr)l (A —A4)+ ygi (Bia — Bl

= Akyl(clJr)l + Bkyl(jr)l + yl(clngAk + yl(ci)lDBk
Impose the condition y{”, DA, + y? DB, =0------ (1)
=yl = 4y + By

(p) _ (€] (2)
Vi = AeaViea T Brayin

= y1£1+)2 [ — A ]+ J’J(c?z [Bi — By 1+ Akylgr)z + Bky/gr)z
= YI(clJr)zDAk + ylgr)2DBk + Akyl(cl+)2 + Bkyl(jr)z
= v +a vl +by
= ylEI-BZDAk +y1(c2+)2DBk + 4, [yl(cljz + akyliljl +bkyl£1)] +B, [yli)z + akylg-)l +bky1(CZ)]

:fk
=y DA, +yP DB, = f - )

(2)
DAk :AkJrl _Ak :_fkyk+1
by (1) & (2):

k-1 (2) k=1 _ (2)
A — 4 _z f]yj+1 4 _z f,yju
k 0= k=
Jj=0 Wj+l Jj=0 I/VjJrl .
= o o if we choose A4¢y=B=0
B B _ = fj.]j+1 B _ & f;y]+1
Kk Po k=
Jj=0 Wi+1 Jj=0 I/VjJrl
-y )
_ QY] (2) J7 1) Jj j+l (2)
=V =CYe TGy T+ W Vit W Vi
J=0 J+l J=0 "V j+
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Eg. Solve y,i2+8yn1+Tyn=ne".
(Sol) y," =¢,(=D)" +¢,(=7)"

_ (_1)n+1 (_7)n+l _
n+l (_1)n+2 (_7)n+2

= [y ==jel - (=1, fiy8 = jel (1)

_6 . n+l

@) _—je D el <)
_fy/+1/ —6'7‘/+1 - 6_7j+1
M jej (_l)ﬂl _ _jej (_l)jH
fy]+1/ +1 _6.7j+1 - 6_7j+1
] ] je! =1 < —Jje/ (=" ]
V.=, (=D" +¢,(-7) ‘{Z; 6.7 (=D" + ZO 677 “(=7)
J J

15-3 Cauchy-Euler Difference Equation k(4+1 )D*y\+akDy+by, =0

Solution: Let y, = F(lfc(;cr)r) =k(k+1)------ (k+7r—-1), where I'(n+1)=n! and n is
an integer.
_Tk+r+l) T(k+r) _(k+n)l(k+r) Tk+r) _rT(k+r)
T+ Ty kG rk) kT

Dzyk =Dy =Dy, = Vi =20+ 0
_F(k+r+2)_2_F(k+r+l)+F(k+r)
I'(k+2) 'k+1) I'(k)

=[(k+r+l)(k+r)_2.(k+r)+l]l“(k+r) _r(r=1) T(k+r)

(k + Dk k Tk)  k(k+1) T(k)
= k(k+1)D’y, +akDy, +by, = (1’ —r+ar+b)M=0
L'(k)
=r’+(a-1)r+b=0= Solver.
Eg. Solve k(k+1)D*yy-5kDy\+8y;=0.
(Sol.)a=-5,b=8=r* —6r+8=0=>r=2,4
%:k(ml), DAY pk+ 1)k +2)(k +3).

v, = ck(k+1)+ck(k + D)k +2)(k +3)
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15-4 The Z-transform and Its Application

Discrete Laplace transform: L[ f ()= L[f(nT)] = i f(nT)e™

n=0
Let Z=e", and define Z-transform as F(Z)=z[f(¢)]= z[f*(1)]= z f(n)Z™
n=0

Properties of Z-transform z[f(¢)|=F(Z):
L. zleifi@+eafa(O]=c1 F1(Z)+c2 F2(2)
2. 2[fit+ DI=ZIF(Z)-f0), z[f(t+2T)|=Z*F(Z)-Z’[0")-ZAT)

zlfien )= Z"{F(Z)—nz_lf(kT)Zk} =Z"F(Z)-Z2"f(0)~-Z""f(T)~Z"" f(2T)
~Z"7f@3T) == Zf((n-1T)

(Proof) z[f(t+nT)]= if(mT+nT)Z"" = Z"if(mT+nT)Z—(m+n)

m=0

=Znif(kT)Z_k = Z{if(kT)Z_k —nZ:f(kT)Z_k} :Zn{F(Z)—nZ_:f(kT)-Z_k}

3. 7lfe-D=Z" F(2), |ft-nTyu(t-nT)|=Z"F(Z)
(Proof) z[f(t—nT)u(t—nT)]= if(mT —nTyu(mT —nT)Z™

m=0

=23 fnT —nTyu(mT ~nT)Z""" =27y (T2 = Z7F(Z)

m=0 k=0

4. zle"f)|=F("' Z)
(Proof) z[e'atf(t)]Zie_"“T f(nTZ™" = i f(nT)(e™ Z)™" =F(e"'Z)
5. Z|:if(kT):| = %F(Z) for |Z]>1

6. ZltfiD)l=— Tza;iZF(Z) At f()] = —Tzcgiz{z[r“fm]}

(Proof)

[t ()] = ian(nT)Z’” = —Tzi f(nTY(~nZ ") = —Tz%{i f(nT)- z”} - —TZC;LZF(Z)
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7. f(0)= lim F(Z): the initial-value theorem

lim f(nT) = IZin*ll(Z —1)F(Z): the final-value theorem

(Proof) F(2)=Y f(nT)Z" = f(wH%Jr%Jp.., -

Z[f(t+T)—f(t)]=fi@i[f((kH)T)—f(kT)]Z_k =ZF(2)-Zf(0)~ F(2)

= lim[~£(0) + f(n+)T)] = lim £ (nT) = lim £ ((n+DT) = im(Z ~ ) F(2)

8. z{a% f(t,a)}=a%F(Z,a), ZU f(z,a)da}j: F(Z,a)da

Eg. Determine z[1], z[f] , z[a'], z[e™], z[sin(a?)], and z[cos(a?)].
(Sol.) f(t)=1= f(nT)=1,Vn

- d 1 Z
A= f(NZ" =Y 7" =——=—"—

n=0 n=0 1 _ ; Z - 1

d

n=0

)= AT = 3 072" = (-T2)Y (~nZ ") = —Tzi%@”) =1z 5(22"

[_) _TZ_Z—l—Z= 77
dZ\ Z -1 Z-1D)* (Z-1)?

z[at]=z[a”r]=ia”r-2‘”:i(iJ: L __Z

1——
VA
Z[e_at] — Z[e—anT] — ie—naT . Z—n — i(eaTZ)—n — 1 _ Z
n=0 n=0 1 - (eaTZ)71 Z - eiaT
Z[eﬂ'at] — Z[e+ja”T] = z[cos(anT)]+ jz[sin(anT)]
_Z . Z(Z-e)

_Z_e+jaT (Z_e+jaT)(Z_e—jaT)

. LimF(Z)= f(0)

_ Z?—Zcos(aT) + jZsin(aT) Z* —Zcos(aT)+ jZsin(aT)

Z* — (™ +e’)Z +1 Z* —2Zcos(aT)+1

Zsin(aTl)
Z* —2Zcos(aT)+1
Z* —Zcos(aT)
7> —-2Zcos(aT)+1

. z[sin(at)] = z[sin(naT)] =

z[cos(at)] = z[cos(naT)] =
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Table of the Z-transform pairs: 7T#1

SnT) F(Z)
o(nT) 1
VA
1 or u(t) F
7 VA
" -1
Z
—nal
¢ Z-e "
anT Z
Z-a"
) Zsin(aT)
T
sin(naT) 7% —27Zcos(aT) +1
2
cos(naT) 2Z Z cos(aT)
Z"=2Zcos(aT)+1

Table of the Z-tranasform pairs: 7=1

An) F(Z)
da(n) 1
Z
1 =
Z -1
Z
" Z-1)
na Z
e
Z—e"
n Z
a
Z—a
4, A, .
Inverse Z-transform: If F(Z2)/Z= +eee 4 , and then we have
Z- Py — P> Z - P
S(in)=A1p\"+ Aapr"+ ..+ Axpi”
ZZ
Eg. For F(Z)= , fln)=?
. @ (Z-1)(Z-0.5) )
Soly FA ____ 2 2

| Y L (1Y
7 ZhZ-08) 71 z-05 tm=21 _(E) =2 (2)
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Eg. Solve ap+1-0.5a, =1, a¢=1.
(Sol.) Let an=f(n), z[an] =F(2), z[an1 |=ZF(Z)-ZA0)=ZF(Z2)-Z, ao=f(0) =1

1 Z 1 z’
ZF(Z)—Z—EF(Z):ﬁ, (Z—EJF(Z): Z_l

F(Z) _ Z 2 1 o (1Y
= 1:>f(n)—2 ( j =a,

7z N z-1 2
(Z—1)(z—2j z-,

Eg. Solve a,-0.5a,.1 =1, ay=2.

(Sol.) Let m=n-1, n=m+1=a,,,, —lam =l=a,, —lan =1,
2

1 1 VA
2(a,,)——z(a,)=z(1) = ZF(Z)-2Z -~ F(Z) = ——,
(M)Z(,,) 1) (2) 2()Z_1
2 2
[z-l F(Z):Z+2Z 2z 27 Z, F(z)_ 2 S f)=a, =2
Z-1 Z-1 zZ Z-1

Eg. Solve ry=rp.1+2r,., with ro=1, r;=1.
(Sol.) Let m=n-2, n=mt2 = IFmoTm12rm=0 = rpo-rp-2r,=0,
2(rns2)-z(rne1)-22(74)=0.
By z(rn)=R(Z), z(rni1)=Z[R(Z)-RO0)], 2(rni2)=Z"R(Z)-Z*R0")-ZAT), and define ro=A0"),
r=AT)=[Z*R(Z)-Z*ro-Zr\ ]-[ZR(Z)-Zr0)]-2R(Z)=0

2 1

R(Z) _ Z _ 3 .3
Z Z*-7Z-2 Z-2 Z+1’

= [Z-Z2IR@2)-2", : rn=§-2" +§.(_1)n
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