Chapter 7 Vector Analysis
7-1 Vector Functions
One-variable vector function: R(t) = x(t)i + y(t) ] + z(t)k
Multi-variable vector function: F(X,y,z) =F, (X, Y, 2)i + F,(X,v,2)] + F, (X, y, 2)k
dR(H) _dR() _dt _dR(Y)  df 1)
dft)  dt df(t)  dt | dt
oF(x,y,z) _0F(xy,z) & . oF(xy,2) oy N oF(x.y.2) @z
o9(x,y,2) ox  og(xY,z) o  o9(xy,2) oz a9(x,y,2)

The derivatives of vector functions:

Eg. For R(t)=2ti —cos(3)j+tk , 0 <t<1, find R(t)=dR(t)/dt . Let
s(t):jg\/4+9sin2(3t) +9t* -dt, then find dR(t)/ds(t).

(Sol) dR(t)/dt = 2i +3sin(3t) ] + 3tk
dR(t) _dR(t) dt 27 +3sin(30)] +3t°k
ds(t)  dt ds(t) /4+9sin?(3t)+0t*

Some theorems of derivatives of vector functions:

1. (F-G)=F'G+F-G

2. (FxG)=F%xG+FxG'

3. (FxF')=FxF"

(Proof) (FxF')Y=FxF+FxF"=FxF"

4. For R(t)=x()i+yt)]+z@)k, if R(t) does not change direction, then
R(t)x R'(t) =0, and vice versa.

5. Let R(t) denote the position of a particle at time t. If the particle moves so

that equal areas are swept out in equal times, then we have R(t)xR"(t)=0, and
vice versa. (Kepler's law)
(Proof)

AreazéRze and |R(t+ At)—R(t) = RE
.. 2 area= R?0 = R(t) x[R(t + At) — R(1)]
If area=0 < R(t) x[R(t + At) —R(t)]=0 < R(t)xR'(t)-At=0
< R(t)xR'(t)=0
Equal area in equal time
< R(t)xR'(t) =constant < [R(t) xR'(1)]'=0 < R(t)xR"(t) =0
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7-2 Differential Geometry

V

Position vector: R(t) = x ()1 + y(t) ]+ z(t)k

C:ﬁh: R A A
Velocity: v(t) = RI(t) = d’;(tt) i+ di;it) j+ dz(tt) K

. Arc length: s(t) = ﬁ R'(t) | dt % = R'(t) || V() |
0 . J

Rt

2
Acceleration: a(t) =v'(t) = d” X(t) +dd¥2~(t)J ddigt)k

e £ RO _ V0O _dRO
IROI VO] ds)

Eg.C: R(t)=ti +(t—2)]+ 3t -1k isastraight line.

~

ds

Curvature: x =

sV i+ ]+3k dT | _|dT dt
T:—:— = _—
|V | V11 ds| |dt ds|
Eg. C: R(t)=2cos(t)i +2sin(t)]+4k isa circle of radius 2 at z=4.
TA_—Zsin(t)iA+2cos(t)] _ d_'fﬂ 11
2 dt ds| 2 r
d|V]e VP« . . . .
Theorem a = ot T+ N =tangential acceleration+centripetal acceleration
yo,
avw) d._.oa d|V®)] » . dT
(Proof) () = 0 = S v T1= DL 4o S
dt dt
d1VO1 +, oy [98 dT)_ VO] - f dT
= T+|VE) || — — V(t)|? — . Define N =p—
m V()| it ds ™ +]V() I ™ P s
_ o A .
= am =210l VOP G (1 f et fog, 40D _g
dt P ds

Eg. For R(t) = [cos(t) +tsin(t)]f +[sin(t) —tcos(t)]] +tk , t>0, we have
V(t) = tcos(t)i +tsin(t) j + 2tk
a(t) = [cos(t) — tsin(®)]i +[sin(t) + tcos(t)]] + 2k

~ V() 1 ~ 1 s 2
T= =——cos(t)i + —=sin(t) j + —=k
V)| 5 V5 V5
B S S
© |df at| [df 1
dt ds dt |v(t)]

& dT dt dT P dT
N=p _—— — —sin(t)i +cos(t
Pas ~Pds dt V)] dt ® O]

oa =5T +tN, ai=+/5, an=t
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Binormal vector: B=T xN

wM=t o
Fernet formulae: %=—K’f+l‘é (2)
B .
P ©)
Torsion of a curve: T
(Proof of (3)) d—B=—(T N) _Z_ZX N+T x% =T x(—«T) +T x(B) =

~

Note: T, N, and B are unit vectors.

Basic theorems of curvature and torsion:

%, w=[f, N, K] = R\ R, R"], where [4,6,C]= A (8xC)

Eg. For C:R(t) = 3cos(t)|+3sm(t)1+4tk find T, N, B, x, 1, and p.

IR'xR"| 3 1 25

~ 3. ~ 3 4~
Sol) T=—=—=sin(t)i +-cos(t) j+ -k, k=—"—=—,p=—=—
- dT _ p T P S s 3
=p—= = —cos(t)i —sin(t B=TxN=—=sin(t)i ——cos(t)j+—=k
P s Vol dt ® ®7, x c ® c ] c

dB 1 dB 4 s 4 s ~ s
—=—cos(t)i +—sin(t)j=—cN =—1(-cos(t)1 —sin(t
ds [v@®] dt 25 (t) o Mj=-7 T(—cos(t) M)

<

4
=>T=—
25

Eg. Consider the curve: f=acos(t)i +asin(t)j+btk, 0<t<2a What is the
equation of tangential vector at t=n/2. [1991 [ [#67 )

(Sol.) \7=3—::—asin(t)f+acos(t)]+bl2.At t:%:vz—ahblz

f—i— —af+bl2
V1 Vo s
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7-3 Gradient, Divergence, and Curl in the Rectangular Coordinate System

Gradient Vé(x,y,z): V(X y,2)= 8¢(>(;,Xy,z) I+ 6¢(>(;,yy, 2) i+ a¢(’(;’zy’z)12 is a

vector function if ¢(x,y,z) isa scalar function.

Eg. For ¢(x,y,z)=e, Vé(X,Yy,z)=yze™i +xze™ ] + xye "k .

0F(xy.2) OF(xy,2) 0 F (% Y,2)
0X oy 0z

is a scalar function if F(X,y,z)=F,(X Y,2)i + F,(X,Y,2)]+ F,(x, y,2)k is a vector

function.

Curl VxF(x,Yy,2):

Divergence V-F(x,y,z) : V-F(x,y,2)=

A

]k
Vxlf:i o i: oF; _ R, |+ oF, _ OF, i+ o Ok k is a vector
0 X 0z oX

oy oy 012 07 OX oy
Fl FZ F3
function if F(x,y,z)=F,(x,Y, z)i + F,(x,Y, )] + F (X, z)lz is a vector function.
Eg. E=xi+y]+zk,compute V-F and VxF.
i)k
_ - |0 o0 0 P
(Sol.) V-F=1+1+41=3, VxF=— — —=0i+0j+0k=0
ox 0y 0z
X 'y z

Eg. E(x,v,2) =X —2x2yj +2yz°k, find VxF and V-E at(1-1,1). [1991 e

LLIEERH ]

(Sol.) V-F =2x-2x"+8yz® at (L-1))=>V-F=-8
VxF =2z2* —4xyk, at (1-11) = Vx F = 2 + 4k

o2 0° 0°
+ +

ox? oy* o01°

2,2,X%yz 2,2 Xy

Eg. For ¢(x,y,z)=e"", V?g(X,y,2)=y’z°e™ + x*z%e" + x’y’e"”.

)¢

Laplacian operator: V?¢=V-Vg =(

Theorems (a) Vx(VxF)=V(V-F)-V?F
(b) V-(VxF)=0, VF eC?
(c) Vx(Vg)=0, VgeC?
(d) Vx(FxG)=(G-V)F —(F-V)G+(V-G)F —(V-F)G
) V(F-G)=(F-V)G+(G-V)F+Fx(VxG)+Gx(VxF)
() V-(FxG)=G-(VxF)-F-(VxG)
(@) V-(pF)=(Vg)-F+4(V-F)
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Theorem V¢(X,y,z) Lthe surface of ¢ (x,y,z)=constant.
(Proof) “." ¢ (x,y,z)=constant

Z) =0= 8¢(X’ y,Z) dx + a¢(X, Y, Z) dy+ 8¢(X, Y, Z) dz
oX 0 01

Lodé(xy,

= (%f+%]+%§)(dxf+dy]+dzlz) =Vé-dR
oxX 0y 0z

. Vé(x,y,7) LdR,and dR is the tangential increment on the surface ¢ (x,y,z)
Eg. Find the tangential plane and normal line to z=x%+y? at (2,-2,8).
(Sol.) Let ¢ (x,y,2)=z-x>-y?, V¢ =—-2xi —2yj+k, and (2,-2,8) is on the surface.
For z-x?-y?=0, the normal vector at (2,-2,8) is —4i +4] +K.
The tangential plane at (2,-2,8) is —4(x-2)+4(y+2)+(z-8)=0= -4x+4y+z=-8
X-2 y+2 17-8

4 4 1
Eg. Find a unit normal vector of 22=4(x*+y?) at (1,0,2). [1993 tr([|EEH} ~ 2007 Efi
RIEERT]

Theorem V-F(x,y,z) is the outward flux per unit volume of the flow at point
(x,y,2) and time t.

(Proof) FatP=F,i+F, j+Fk

The normal line is

N oF oF oF
The x-direction flux=| F, +1 “AX|AYAz—| F, _19k AX |AY A7 = —2 AX Ay Az
2 0X 2 OX 0X

oF
The y-direction flux = p Y AX Ay Az, and the z- direction flux = aaFZ AX Ay Az
y z

oF
.". Total qux:[alzx +—L 4 oF,

-AXAYAZIAXAYAZ =V -F
ox 0y 0z

Theorem If T=FxR and R=xi +Yy]+2k, then ﬁz%fo.

]k
(Proof) VxT =Vx(FxR)=Vx|F, F, F

w

= Vx[(Fyz - F,y)i + (Fx— F2) j + (Fy - F,x)K]
] i k
o0 2 fAE T+ ER) < 2F = F o Lyt
X oy 01
F,z-Fy Fx-Fz Fy-Fx
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7-4 Line Integrals & Surface Integrals
Line integral: 3 Curve C: R(t) = x(t) + y(t) ] + z()k, a<t<b
3 Vector F(x,y,2)=F (X Yy, 2)i + 5, (X y,2) ]+ F,(x, ¥, 2)K
A _ _ b ~
T () [F-di =] FIx,y®),20]-R'@)dt,
Cc

dl
(b) [Fxdl = [ FIx(®), y(t), 2] x R'(t)dt

C © [fexy.2d =] fx).y©), 201 R |dt

Eg. For C:R(t)=x(t)i+y()]+z(t)k =cos(t)i +sin(t)j+k |,
F(X,y,2)=Xi + Y] + zK, determine jﬁ-dr and jﬁxdf.
C C

0<t<2m and

(Sol.) C:R(t) =cost)i +sin(t)]+k, R'(t)=—sint)i +cos(t)]
F (x(), y(t), 2(t)) = x(t)T + y(t) ] + z(t) K =cos(t){ +sin(t) ] +k
F-dl = F(x(t), y(t), z(t)) - R'(t)dt = (cos(t) T +sin(t) ] + K) - (=sin(t) T + cos(t) ] )dt
= (—cos(t)sin(t) +sin(t) cos(t))dt = 0
] ik
Fxdl = F(x(t), y(t), z(t)) x R'(t)dt = | cos(t) sin(t) 1|dt
—sin(t) cos(t) O
= [-cos(t)i —sin(t) ] +k]dt
" [F-dl =0, [Fxdl = [ [-cos(t)i -sin(t)] + K]dt =2k

opr 0@

Surface integral: 3 Surface S: @(x,y,z)=z—-¢(x,y)=0. N = 5 E]HZ
X

is a normal vectoron S,and N =N/|N|.
3 \Vector F(x,y,2)=F(xY, 2)i + F,(x,Y, 7)] + F(xy, z)IZ

o B A 5 2 5 2
@ L[F~dA:_L.|-F(x,y,z)-N\/1+(a—zj +[a—(ﬂ dxdy,
(b) .Ejﬁdi:L'[IE(x,y,z)x NA\/1+(%} +[2—§§) dxdy,

() jsj f(x,y,2)dA= ij f(x,y, z)\/l+ @—f]z + [%dedy ,

Note: dl =Tdl is parallel to the tangential direction of the curve, but dA = NdA is
normal to the surface.
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Eg. For S:x*+y2+2°=12>0, and F(X,y,z)=xi+Yyj+zKk , determine
”If-d,& and ”Ifxd,&.
S S

(Sol) S: xX?+y2+22=1r220=z2=41-x>—y?, oL _ _ -x X

OX :I__Xz_y2 Z

N B N . —QA—Q]+IZ=£iA+XJ¢+I2,

oy 1-x% —y? z oXx oy z z

~ N .

N=—=xi+yj+zk, F(X,y,z2)=xi+yj+zk,and x“+y“ +z° =1

2 2 2
CEdAoF. NJH(@ZJ m by XY T o dy
Z

8y ,1—X2—y2
k

, dxdy 0
z

A

I
:ﬁdi:ﬁxl\]\/ﬂ(gj (az] dxdy =[x
OX oy

X

< < =

z

- [[Foa= ] 1dxxdy [ T =on, [[FreA=o

=yx?+y*+2z*  find ”Vf'ﬁdA for S: x*+y*+z°=a®. [1990 Hr(l]
S
CED|
(Sol.) S: x*+y*+z7°=a’*=>z=*a’-x"-y?,
For z=qa*-x?-y? :N_—@f—@] kK=2F+Lj+k,

OX 8y 7 7
N 1 a2\ (s 2
N ===~ (xi +yj+2k), 1+(—Zj T
Vi = V() = V( < )= = (X + i+ 2K) = 2 + yj + 2K)
C ey ezt (X eyt 2
:V(—) fidA = V(—) N (azj S0 gy XY —ddy
OX ay y= asz y_a.\/m
—dxdy _ 1w rdrdg 27
jjv f . AdA= ” J J - J

=-27. Similarly, for z=—/a®> —x* —y?, j vV f-AdA=-2n

[V AdA=(-2my+(-2m)=-4n
S
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Eg. Compute the surface integral ”(x +y+2z)dA where

S

S:z=x+y,0<y<x,0<x<1. [1990 &KETH]
(Sol.) \/1+(gj +[@J
OX oy

Eg. Find '[If-df : where F =esinyi +e*cosyj + 22k
C

V3, ”(x+ y+ z)dA:I:IOXZ(x+ y) -\/§dydx:\/§

andC: rF(t) =t +t*]+e"'k,0<t<1. [1990 EHAMT)
3

] e 2
Ans.) e-sin(l)+—+—
(Ans.) @ 313

Eg. F =ixy+ Jyz+kxz, evaluate ”If-ﬁdA for $:0<x<1,0<y<1,0<z<1.
S

Green’s theorem Let C be a regular, closed, positively-oriented curve enclosing a

region D, F(x,y)=F,(x, Y)I +F,(x,y)].

§F1(x, y)dx + F, (x, y)dy = ”[an;:’ = 6F1<g;’ y)}dXdy

2 —Yi+X

Eg. F=———-,find §If -dr, where C is any closed curve.
C

X4y
(Sol.) @—ﬁw, v(x,y) =0, §|f-dr=0 if C does not enclose 0.
ox oy -

Else, §If dF =27

Stokes’s theorem Let S be a regular surface with coherently oriented boundary C,

jj(vxﬁ).d/&=§ﬁ.dz.

Divergence theorem Let S be a regular, positive-oriented closed surface,
enclosing a region V, ﬁlf -dA = ”J.(V F)dxdydz .
S \

2
Eg. Compute {fF-dA , where F=(y*+2°)% +sin(x’+2)j+e" 'k
S

s: X T o1 (1990 ATAZRYBAT)
(Sol.) v-ﬁ=o:>§ﬁ.d/&=jﬂ(v-ﬁ)dxdydz=o

o
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= x2+y?+2z% find ”Vf -AdA for S: x*+y*+z%=a%. [1990 til]
S

B

(Sol.)

= l - Al 2 ~ —1 o 2 ~

F=Vf =V( )= (Xi +yj +zk) =—(Xi +yj + zK),
DE+y2+zt (X +yi+z?)? a

- -3 A - _ -3 4a°
V-F=—2. jsjw-ndA:ﬁjF-dA:jvﬂ(v-F)dxdydz=?-%=—4n

Green’s identities

@[y +v4-vylidydz = [ Gvy)- oA
¢, v arescalars,

(b)j Jfloviy - gledydz = [[igvy - WV g10A

7-5 Potential Theory
Potential: ¢ is called a potential for the vector field F if F=V¢g or F=-V¢

Test for a potential: If F and V-F are continuous in a simply-connected domain
(), then F has a potential function.< Vx F =0

(Proof) “=": F=4V¢=>VxF=0.
‘<’ VxF =0, §>lf-d?=”(v><'f)'d'&:0
C S

Let C be the boundary of ¢ (x,y,z)=constant, then we choose F =+Vg, then

f F-d¢=0 isalwaysvalid.= F has a potential function.
C

Eg. Check (8) F = 2xyi + 22] + (X—y + 2)K,
and (b) F =(yze™ —4x)i + (xze™ +2) ]+ (xye® + y)k , which does have a
potential? [1991 F A& )
(Sol.) (@) VxF =(-2z— 1)| - J —2xk 0, .". no potential.
(b)Vx F =0, .. there exists a potential.

F-vp=227,4 a¢ + PR (yze™ — 4w + (xae™ +2) ] + (xye™ + YK
OX 6’y oz

=¢(x,y,2) =%

= ¢(X,Y,2) = —2x* + zy + Constant

Xyz Xyz

—2x2 4+ 1(y,2) =¥ +yz+ J(X,2) =" + yz+ K(X,Y)

Eg. F=(x2+y®+22)"(xi +y]+2k), find a scalar potential ¢ (x,y,z) so that

F=-V¢. [1990 &AHH] (Ans) ¢(x,y,2) =

n+1

—(X*+y?+12%)
2(n+1)

+C
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Theorem If F has a potential, then the line integral of F is independent of
path in Q. That is, jlf 'd?:J‘IE .d?, whenever C and K are regular curves in Q
C K

with the same initial point and the same terminal point.
(Proof) [F.d?-[F-di=§F-d7
C K c’

If F has a potential, then §>lf-dZ:0,.'. J.If-dizj.lf-d?
c’ C K

Theorem Let F be a 2-D vector field of a simply-connected domain Q. Then
F has a potential on Q. < aai = % (In this case, F=F,(x, )i + F,(x,y)])
X

2 2
(Proof) If F=V¢,then F, :M, F, :8¢(x,y), ok, = o9 = o'¢ =8F2
OX oy oy Oyox oOxoy  Ox
By Green’s theorem, §F1dx+ dey:” oF, Ok dxdy=0 , .. F s
c o\ ox oy
conservative on Q.

Eg. (@) Is E(xy,2)=—Li-2j+ 2%
z YA VA

Evaluate LIf .dr, where F=—Y{_ ]+X—¥IZ, C is a piecewisely smooth curve
z z

z
from (1,1,1) to (2,-1,3) and not crossing the xy-plane. [1990 FZAAETFr]

(Sol.) (8) VxF =0 intheregionz>0, .. F isconservative.
(b) VxF=0,..3¢(x,y,z) suchthat F=V¢

conservative in the region z>0? (b)

2
X

X = _ 5
=gy === [Fdr=g(xy2i}" =

7-6 Curvilinear Coordinates

X:X(ql’%a%) qlqu(x,y,z)
Coordinate transformation: {y=1y(q,,d,,09;) <309, =0d,(X,Y,2)

2=2(0,0,,95) (U =As(x,Y,2)

Scalar factors: If (q1,92,93) are orthogonal system, then
0,i#]

ey @7 -
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X =rsingcosg

Z=rcosd

r=yx’+y°+17°

Eg. Rectangular

i coordinate
= Spherical
- coordinate
"-‘ E

y=rsindsing & H:Sin’l(\/xz+y2/\/xz+y2+22) [[axf (ayjz (azjz v
=><h,=h,=||—=| +| = | +|— =r
00 00 00

§= cos‘l(x/\/m)

Differential length vector in the spherical coordinate:
dl =4,dr+4,rd0+4,rsindg

Eg. Rectangular coordinate < Cylindrical
coordinate

X =1rcosé

y=rsingd < {6 =tan*(y/x) =

1=1

r=+x°>+y?

1=1

Differential length vector in the cylindrical coordinate: di =& dr +4,rdd +4,dz

Differential arc length: ds =[(h,dg,)? + (h,dq,)? + (h,dq,)*T"?
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Differential elements of area on the gigj-plane: dA; =ds; ds; = h;h;dg;dq;
Differential element of volume: dV = ds,ds,ds, = h,h,h,dq ,dq,dq,

Z
Eg. Spherical coordinate:
o N ds = [dr? + r2d6? + r2sin® adg? |
do _
- dA,, =r’sinad@dg,dA, , = rdrdo, etc.
r:dB I rsin(p) df ' . ’
/o dV =r?sinddrd &g
.. ! l
0. /g |
. |
|
— | ;
4 dd)} ™ |
X r sin((0) do

ds = [dr? +r2d6? + dz2 |
Eg. Cylindrical coordinate: {dA,, =rdédz,dA , =rdrdd,dA, , =drdz.
dV = rdrdédz

Jacobian determinants: (p1,p2,P3) < (41,92,93)

6ry ap:/
aq; aq;
dpidpj = |det apl ap] dq,qu
%qi %qj
_6;V 6p/ apy i
oq, aq, aq,
op op op )
%qz %qz s aqz dqlqudq3
ap/ ap/ op,
L 8(]3 aqs aCl;z_

Eg. Let Iz”j f (X, Y, z)dxdydz . Transform the integral from (x,y,z) into (r,0,¢).
\Y

~—+

and dp,dp,dp, =|de

sin @ cos ¢ sindsin ¢ cosé
| J |=|det| rcos@cosg rcosdsing —rsind =‘rzsin0coszecosz¢
—rsin@sing rsinédcosg 0

+1?sin’@sin’ g+ r’sin@cos’ @sin’ g + r’sin® g cos’ ¢‘ = r?sin@cos” 6 +rsin® @|=r”sin 6 =hh,h,

I =_mf(rsin @cosg,rsingdsing,rcosé)-r?sinddrdad g
\%
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Del operators in (g1,92,93) coordinate system:
181//A+18l//A 1 oy .

V ] ] = T
W(Ch a, qs) h, g, U h, q, u, + h, oq, U,
_ 0 0 0
F(9,,9,, = ——(Fh,h ——(F,hh ——(F;h.h
(Q1 4, Q3) hh,h, (5(]1( ) 3)+6q2( AL 3)+6q3( 3l 2)]

hlAl h202 h303
Lo o o
hh,hy|0a,  daq, o,
Fh, Fh, Fh,

(ql’q21q3) 1 {6 [h2h3 aW}L 0 [hlh3 61//J+ 0 (hlh2 oy

hhyhy | 6\ by da, ) oa,\ h, 6q,) da;\ hy aa,

where F = F0, + F,0, + F,(,

Eg. Spherical coordinate system: h,=1, he=r, h,=rsing
F=F0, +F,G,+ F,a,

2 (sing-F,)+— -i(F¢)

V-If:iz-g(rzﬁ)jt

r rsing 00 rsin@ og¢
a, rd, rsindi,
VxF = 21_ 9 9o 9 : Vy/:a—l//l]r+la—l//09+ 1
resin@|or 06 o¢ or r o6 rsiné 6¢
F. rF, rsingd-F,
2
sz/:iz.i(rzawj+ 21_ .i(sinaal//j+ - _12 ‘81/;
r< or or resin@ o6 00 ) r°sin“@ 0¢

Eg. Cylindrical coordinate system: h=1, hg=r, h,=1
F=F0, +F,G, +F,uq,
10 gy, LR O

rE )+ =
r or r 00 0z

T ) O (B P E S LA
r 060 oz az or r or r 06
2 2
or r oo 0z ror\ or o0 0z

~ 763



Unit vector conversions between distinct coordinates:
Eg. Rectangular coordinate <> Spherical coordinate

(Proof) X-F=sin@cosg, §-f=sindsing,
Z-f=cos@,.. f=Xsinfdcosg+ ysingdsing+7cosd
y Similarly, X-0=cos@cosg, -6 =cosdsing,

6 = £C0sOcos ¢ + JcosOsing — 7sin @,

7-9=0,

7-0=-sing, .".
A And R d=-sing, §-¢=cosg,

. ¢ =-Rsing+ycosg

sin@dsing cos@

I‘&) > =

cosécosg cosdsing

rn 0 cos ¢

—sing

Cos ¢

—siné@ |-
0

Ny < X

sindcos¢ cosécosg
singsing cosdsing

—sing
CoS ¢

cosd

-sing

0

I 1
D ™

i Eg. Rectangular coordinate <> Cylindrical coordinate

X cosd -sing 0| |r
y|=[sin@ cos® 0|0 or
7 1|12

r cos@ singd 0 |X

O|=|-sin@ cos® 0|y

Z 0 0 1112
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