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Chapter 7 Vector Analysis 

7-1 Vector Functions 

One-variable vector function: ktzjtyitxtR ˆ)(ˆ)(ˆ)()( ++=


 

Multi-variable vector function: kzyxFjzyxFizyxFzyxF ˆ),,(ˆ),,(ˆ),,(),,( 321 ++=


 

The derivatives of vector functions: ( ) ( ) ( ) ( )/
( ) ( )

dR t dR t dt dR t df t
df t dt df t dt dt

= ⋅ =
  
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Eg. For ktjtittR ˆˆ)3cos(ˆ2)( 3+−=


, 0 ≤ t ≤ 1, find dttRdtR /)()('


= . Let 

s(t)= dttt ⋅++∫ 421
0 9)3(sin94 , then find )(/)( tdstRd



. 

(Sol) ktjtidttRd ˆ3ˆ)3sin(3ˆ2/)( 2++=


 

∴ 
42

2

9)3(sin94

ˆ3ˆ)3sin(3ˆ2
)(

)(
)(
)(

tt
ktjti

tds
dt

dt
tRd

tds
tRd

++

++
=⋅=



 

 
Some theorems of derivatives of vector functions: 
1. '')'( GFGFGF



⋅+⋅=⋅  

2. '')'( GFGFGF


×+×=×  

3. '')''( FFFF


×=×  

(Proof) ""'')''( FFFFFFFF


×=×+×=×  

4. For ktzjtyitxtR ˆ)(ˆ)(ˆ)()( ++=


, if )(tR


 does not change direction, then 
0)(')( =× tRtR



, and vice versa. 

5. Let )(tR


 denote the position of a particle at time t. If the particle moves so 
that equal areas are swept out in equal times, then we have 0)(")( =× tRtR



, and 
vice versa. (Kepler's law) 
(Proof) 

Area θ2
2
1 R=  and θRtRttR ≈−∆+ |)()(|



 

∴ 2 area )]()([)(2 tRttRtRR


−∆+×== θ  

If area 0= ⇔ 0)]()([)( =−∆+× tRttRtR


⇔ 0)(')( =∆⋅× ttRtR


 

 ⇔ 0)(')( =× tRtR


 
Equal area in equal time 
⇔ =× )(')( tRtR



constant⇔ 0)]'(')([ =× tRtR


⇔ 0)(")( =× tRtR

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7-2 Differential Geometry 

Position vector: ktzjtyitxtR ˆ)(ˆ)(ˆ)()( ++=


 

Velocity: k
dt

tdzj
dt

tdyi
dt

tdxtRtv ˆ)(ˆ)(ˆ)()()( ++=′=


  

Arc length: |)(||)(|,|)(|)( 2

1

tvtR
dt
dsdttRts

t

t





=′=′= ∫  

Acceleration: k
dt

tzdj
dt

tydi
dt

txdtvta ˆ)(ˆ)(ˆ)()()( 2

2

2

2

2

2

++=′=   

Curvature: 
ds
Td ˆ

=κ , where 
)(
)(

|)(|
)(

|)(|
)(ˆ

tds
tRd

tv
tv

tR
tRT











==
′
′

=  

Eg. C: ktjtittR ˆ)13(ˆ)2(ˆ)( −+−+=


 is a straight line. 

11

ˆ3ˆˆ
||

ˆ kji
v
vT ++

==




, 0
ˆˆ

=⋅==
ds
dt

dt
Td

ds
Tdκ . 

Eg. kjtittRC ˆ4ˆ)sin(2ˆ)cos(2)(: ++=


 is a circle of radius 2 at z=4. 

 
rds

dt
dt
TdjtitT 1

2
1ˆ

,
2

ˆ)(cos2ˆ)sin(2ˆ ==⋅=
+−

= κ . 

  

 Theorem =+= NvT
dt

vda ˆ||ˆ|| 2

ρ



 tangential acceleration+centripetal acceleration 

 (Proof) ]ˆ|)([|)()( Ttv
dt
d

dt
tvdta 



 ==
dt
TdtvT

dt
tvd ˆ

|)(|ˆ|)(|
⋅+⋅= 



 

 







⋅⋅+⋅=

ds
Td

dt
dstvT

dt
tvd ˆ

|)(|ˆ|)(|




ds
TdtvT

dt
tvd ˆ

|)(|ˆ)(| 2



+⋅= . Define 
ds
TdN
ˆˆ ρ=  

 )1ˆˆˆˆ(ˆ|)(|ˆ|)(|)(
2

=⋅⇐⊥+=⇒ TTTNNtvT
dt

tvdta
ρ



 , 0)ˆˆ(
=

⋅
ds

TTd  

Eg. For ktjtttittttR ˆˆ)]cos()[sin(ˆ)]sin()[cos()( 2+−++=


, t>0, we have 

ktjttitttv ˆ2ˆ)sin(ˆ)cos()( ++=  

kjtttitttta ˆ2ˆ)]cos()[sin(ˆ)]sin()[cos()( +++−=  

kjtit
tv
tvT ˆ

5
2ˆ)sin(

5
1ˆ)cos(

5
1

|)(|
)(ˆ ++==



 

t

tvdt
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ds
dt

dt
Td

5

|)(|
1ˆ

1
ˆ
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⋅
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⋅

==



κ
ρ  

jtit
dt
Td

tvdt
Td

ds
dt

ds
TdN ˆ)(cosˆ)(sin

ˆ

|)(|

ˆˆˆ +−=⋅=⋅==


ρρρ  

 ∴ NtTta ˆˆ5)( += , at= 5 , an=t 
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Binormal vector: NTB ˆˆˆ ×=  

Fernet formulae: 
















−=

+−=

==

)3(ˆˆ

)2(ˆˆˆ

)1(
ˆˆˆ

N
ds
Bd

BT
ds
Nd

NN
ds
Td

τ

τκ

ρ
κ

 

Torsion of a curve: τ 

(Proof of (3)) 
ds
NdTN

ds
TdNT

ds
d

ds
Bd ˆˆˆˆ

)ˆˆ(
ˆ

×+×=×= NBTTT ˆ)ˆ(ˆ)ˆ(ˆ ττκ −=×+−×=  

Note: BandNT ˆ,ˆ,ˆ  are unit vectors. 

 
Basic theorems of curvature and torsion: 

κ= 3||
||

R
RR





′
′′×′ , τ= ],,[1]'ˆ,ˆ,ˆ[ 2 RRRNNT ′′′′′′=



κ
, where )(],,[ CBACBA



×⋅≡  

 Eg. For ktjtittRC ˆ4ˆ)(sin3ˆ)cos(3)(: ++=


, find BNT ˆ,ˆ,ˆ , κ, τ, and ρ. 

(Sol.) kjtit
v
vT ˆ

5
4ˆ)cos(

5
3ˆ)sin(

5
3

||
ˆ ++−==





, 
3
251,
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3
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3 ===
′
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=

κ
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R
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

 

jtit
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Td

tvds
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ˆ

|)(|

ˆˆ −−=⋅==


ρρ , kjtitNTB ˆ
5
3ˆ)(cos

5
4ˆ)(sin

5
4ˆˆˆ +−=×=  

Njtit
dt
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tvds
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25
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
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25
4

=τ⇒  

 
Eg. Consider the curve: kbtjtaitar ˆˆ)(sinˆ)(cosˆ ++= , 0 ≤ t ≤ 2π. What is the 
equation of tangential vector at t=π/2. 【1991 中山機研】 

 (Sol.) kbjtaita
dt
rdv ˆˆ)(cosˆ)(sin ++−==


 . At kbiavt ˆˆ
2

+−=⇒= 
π  
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ˆ
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==
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
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7-3 Gradient, Divergence, and Curl in the Rectangular Coordinate System 

Gradient ),,( zyxφ∇ : k
z

zyxj
y

zyxi
x

zyxzyx ˆ),,(ˆ),,(ˆ),,(),,(
∂

∂
+

∂
∂

+
∂

∂
=∇

φφφφ  is a 

vector function if ),,( zyxφ  is a scalar function. 

Eg. For xyzezyx =),,(φ , kxyejxzeiyzezyx xyzxyzxyz 



++=∇ ),,(φ . 

Divergence ),,( zyxF


⋅∇ : 
z

zyxF
y

zyxF
x

zyxFzyxF
∂

∂
+

∂
∂

+
∂

∂
=⋅∇

),,(),,(),,(),,( 321


 

is a scalar function if kzyxFjzyxFizyxFzyxF ˆ),,(ˆ),,(ˆ),,(),,( 321 ++=


 is a vector 
function. 
Curl ),,( zyxF



×∇ : 

k
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F
x

Fj
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z

Fi
z

F
y

F

FFF
zyx

kji

F ˆˆˆ

ˆˆˆ
123123

321
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
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∂

−
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+







∂
∂

−
∂
∂

+







∂
∂

−
∂
∂

=
∂
∂

∂
∂

∂
∂

=×∇


 is a vector 

function if kzyxFjzyxFizyxFzyxF ˆ),,(ˆ),,(ˆ),,,(),,( 321 ++=


 is a vector function. 

Eg. kzjyixF ˆˆˆ ++=


, compute F


⋅∇  and F


×∇ . 

(Sol.) 3111 =++=⋅∇ F


, 0ˆ0ˆ0ˆ0

ˆˆˆ

=++=
∂
∂

∂
∂

∂
∂

=×∇ kji

zyx
zyx

kji

F


 

 Eg. kyzjyxixzyxF ˆ2ˆ2ˆ),,( 422 +−=


, find F


×∇  and F


⋅∇  at (1,-1,1).【1991 中

山電研】 

(Sol.) 8)1,1,1(,822 32 −=⋅∇⇒−+−=⋅∇ FatyzxxF


 

kiFatkxyizF ˆ4ˆ2)1,1,1(,ˆ4ˆ2 4 +=×∇⇒−−=×∇


 

Laplacian operator: φφφ )( 2

2

2

2

2

2
2

zyx ∂
∂

+
∂
∂

+
∂
∂

=∇⋅∇=∇  

Eg. For xyzezyx =),,(φ , xyzxyzxyz eyxezxezyzyx 2222222 ),,( ++=∇ φ . 
 
Theorems (a) FFF

 2)()( ∇−⋅∇∇=×∇×∇  

(b) 2,0)( CFF ∈∀=×∇⋅∇


 

(c) 2,0)( C∈∀=∇×∇ φφ  

(d) GFFGGFFGGF


)()()()()( ⋅∇−⋅∇+∇⋅−∇⋅=××∇  

(e) )()()()()( FGGFFGGFGF


×∇×+×∇×+∇⋅+∇⋅=⋅∇  

(f) )()()( GFFGGF


×∇⋅−×∇⋅=×⋅∇  

(g) )()()( FFF


⋅∇+⋅∇=⋅∇ φφφ  
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Theorem ⊥∇ ),,( zyxφ the surface of φ (x,y,z)=constant. 
(Proof) ∵ φ (x,y,z)=constant 

∴ dz
z

zyxdy
y

zyxdx
x

zyxzyxd
∂

∂
+

∂
∂

+
∂

∂
==

),,(),,(),,(0),,( φφφ
φ  

)ˆˆˆ(ˆˆˆ kdzjdyidxk
z

j
y

i
x

++⋅







∂
∂

+
∂
∂

+
∂
∂

=
φφφ Rd



⋅∇= φ  

 ∴ Rdzyx


⊥∇ ),,(φ , and Rd


 is the tangential increment on the surface φ (x,y,z) 
Eg. Find the tangential plane and normal line to z=x2+y2 at (2,-2,8). 
(Sol.) Let φ (x,y,z)=z-x2-y2, kjyix ˆˆ2ˆ2 +−−=∇φ , and (2,-2,8) is on the surface. 

For z-x2-y2=0, the normal vector at (2,-2,8) is kji ˆˆ4ˆ4 ++− . 
The tangential plane at (2,-2,8) is 8440)8()2(4)2(4 −=++−⇒=−+++−− zyxzyx  

The normal line is 
1

8
4

2
4
2 −

=
+

=
−
− zyx . 

Eg. Find a unit normal vector of z2=4(x2+y2) at (1,0,2). 【1993 中山電研、2007 師

大光電所】 

Theorem ),,( zyxF


⋅∇  is the outward flux per unit volume of the flow at point 
(x,y,z) and time t. 
(Proof) kFjFiFPatF zyx

ˆˆˆ ++=


 

The x-direction flux zyx
x

F
zyx

x
F

Fzyx
x

F
F xx

x
x

x ∆∆∆
∂
∂

=∆∆







∆

∂
∂

−−∆∆







∆

∂
∂

+=
2
1

2
1  

The y-direction flux zyx
y

Fy ∆∆∆
∂

∂
= , and the z- direction flux zyx

z
Fz ∆∆∆
∂
∂

=  

∴ Total flux 







∂
∂

+
∂

∂
+

∂
∂

=
z

F
y

F
x

F zyx Fzyxzyx


⋅∇=∆∆∆∆∆∆⋅ /  

 

Theorem If RFT


×=  and kzjyixR ˆˆˆ ++=


, then TF


×∇=
2
1 . 

(Proof) )( RFT


××∇=×∇
zyx

FFF
kji

321

ˆˆˆ

×∇=  

]ˆ)(ˆ)(ˆ)[( 211332 kxFyFjzFxFiyFzF −+−+−×∇=  

xFyFzFxFyFzF
zyx

kji

211332

ˆˆˆ

−−−
∂
∂

∂
∂

∂
∂

= )ˆˆˆ(2 321 kFjFiF ++= F


2= TF


×∇=⇒
2
1  
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7-4 Line Integrals & Surface Integrals 

Line integral: ∃ Curve C: btaktzjtyitxtR ≤≤++= ,ˆ)(ˆ)(ˆ)()(


 

∃  Vector kzyxFjzyxFizyxFzyxF ˆ),,(ˆ),,(ˆ),,(),,( 321 ++=


 

(a) dttRtztytxFldF
b

a
C

)()](),(),([ ′⋅=⋅ ∫∫





, 

(b) dttRtztytxFldF
b

a
C

)()](),(),([





′×=× ∫∫ , 

(c) dttRtztytxfdlzyxf
b

a
C

|)(|)](),(),([),,( ′⋅= ∫∫


 

Eg. For kjtitktzjtyitxtRC ˆˆ)sin(ˆ)cos(ˆ)(ˆ)(ˆ)()(: ++=++=


, 0 ≤ t ≤ 2π, and 
kzjyixzyxF ˆˆˆ),,( ++=



, determine ldF
C




⋅∫  and ldF
C




×∫ . 

(Sol.) jtittRkjtittRC ˆ)cos(ˆ)sin()(,ˆˆ)sin(ˆ)cos()(: +−=′++=


 

ktzjtyitxtztytxF ˆ)(ˆ)(ˆ)())(),(),(( ++=


= kjtit ˆˆ)sin(ˆ)cos( ++  

dtjtitkjtitdttRtztytxFldF )ˆ)cos(ˆ)sin(()ˆˆ)sin(ˆ)(cos()('))(),(),(( +−⋅++=⋅=⋅





0))cos()sin()sin()cos(( =+−= dttttt  

dt
tt
tt

kji
dttRtztytxFldF

0)cos()sin(
1)sin()cos(

ˆˆˆ

)('))(),(),((
−

=×=×





 

dtkjtit ]ˆˆ)sin(ˆ)cos([ +−−=  

∴ 0=⋅∫ ldF
C




, kdtkjtitldF
C

ˆ2]ˆˆ)sin(ˆ)cos([
2

0
π

π

∫∫ =+−−=×




 

Surface integral: ∃ Surface 0),(),,(: =−= yxzzyxS ϕφ . =N


kj
y

i
x

ˆˆˆ +
∂
∂

−
∂
∂

−
jj  

is a normal vector on S, and ||/ˆ NNN


= . 

∃  Vector kzyxFjzyxFizyxFzyxF ˆ),,(ˆ),,(ˆ),,(),,( 321 ++=


 

(a) dxdy
yx

NzyxFAdF
S D
∫∫ ∫∫ 








∂
∂

+







∂
∂

+⋅=⋅
22

1ˆ),,( ϕϕ

, 

(b) dxdy
yx

NzyxFAdF
DS

22

1ˆ),,( 







∂
∂

+







∂
∂

+×=× ∫∫∫∫
ϕϕ

, 

(c) dxdy
yx

zyxfdAzyxf
DS

22

1),,(),,( 







∂
∂

+






∂
∂

+= ∫∫∫∫
ϕϕ , 

Note: dlTld ˆ=


 is parallel to the tangential direction of the curve, but dANAd ˆ=


 is 
normal to the surface. 
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Eg. For 0,1: 222 ≥=++ zzyxS , and kzjyixzyxF ˆˆˆ),,( ++=


, determine 

∫∫ ⋅
S

AdF


 and AdF
S



×∫∫ . 

(Sol.) 22222 101: yxzzzyxS −−=⇒≥∧=++ , 
z
x

yx
x

x
z

−=
−−

−
=

∂
∂

221
 

z
y

yx
y

y
z

−=
−−

−
=

∂
∂

221
kj

z
yi

z
xkj

y
zi

x
zN ˆˆˆˆˆˆ ++=+

∂
∂

−
∂
∂

−=⇒


, 

kzjyix
N
NN ˆˆˆ

||
ˆ ++== 



, kzjyixzyxF ˆˆˆ),,( ++=


, and 1222 =++ zyx  

⇒
22

22222

1
1ˆ

yx
dxdydxdy

z
zyxdxdy

y
z

x
zNFAdF

−−
=

++
=








∂
∂

+






∂
∂

+⋅=⋅


 

⇒ 0

ˆˆˆ

1ˆ
22

==







∂
∂

+






∂
∂

+×=×
z

dxdy

zyx
zyx
kji

dxdy
y
z

x
zNFAdF



 

∴ ∫ ∫∫∫∫∫ =
−

=
−−

=⋅
≤+

π
πθ2

0

1

0 2
1

22
2

1122 r
rdrd

yx
dxdyAdF

yxS



, 0=×∫∫ AdF
S



 

  

Eg. 222,1 zyxr
r

f ++== , find dAnf
S

ˆ⋅∇∫∫  for S: x2+y2+z2=a2. 【1990 中山

電研】 

(Sol.) 2222222: yxazazyxS −−±=⇒=++ , 

For 222 yxaz −−= kj
z
yi

z
xkj

y
zi

x
zN ˆˆˆˆˆˆ ++=+

∂
∂

−
∂
∂

−=⇒


, 

)ˆˆˆ(1
||

ˆ kzjyix
aN

NN ++== 



, 
z
a

y
z

x
z

=







∂
∂

+






∂
∂

+
22

1  

)ˆˆˆ(1)ˆˆˆ(
)(

1)1()1( 33222222
kzjyix

a
kzjyix

zyxzyxr
f ++

−
=++

++

−
=

++
∇=∇=∇  

⇒
2223

22222

1ˆ)1(ˆ)1(
yxaa

dxdydxdy
za

zyxdxdy
y
z

x
zN

r
dAn

r −−⋅

−
=

++
−=








∂
∂

+






∂
∂

+⋅∇=⋅∇  

dAnf
yxaz

ˆ
222

⋅∇∫∫
−−=

= ∫∫∫ ∫ ∫
−

−
=

−

−
=

−−⋅

−

≤+

a

ayx

a

ra
rdr

ara
rdrd

ayxaa
dxdy

0 22

2

0 0 22222

21
222

πθπ
 

=-2π. Similarly, for 222 yxaz −−−= , dAnf
yxaz

ˆ
222

⋅∇∫∫
−−−=

=-2π 

∴ dAnf
S

ˆ⋅∇∫∫ =(-2π)+(-2π)=-4π 
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Eg. Compute the surface integral dAzyx
S
∫∫ ++ )( , where 

10,0,: ≤≤≤≤+= xxyyxzS .【1990 台大農工研】 

(Sol.) 31
22

=







∂
∂

+






∂
∂

+
y
z

x
z , dAzyx

S
∫∫ ++ )( = dydxyx

x
3)(2

1

0 0
⋅+∫ ∫ = 3  

 

Eg. Find rdF
C





⋅∫ , where kzjyeiyeF xx ˆˆcosˆsin 2++=


 

and 10,ˆˆˆ)(: 321 ≤≤++= tkejtittrC t . 【1990 清大核工】   

(Ans.) 
3
2

3
)1sin(

3

++⋅
ee  

  Eg. xzkyzjxyiF ˆˆˆ ++=


, evaluate dAnF
S

ˆ⋅∫∫


 for 10,10,10: ≤≤≤≤≤≤ zyxS .  

 

Green’s theorem Let C be a regular, closed, positively-oriented curve enclosing a 

region D, jyxFiyxFyxF ˆ),(ˆ),(),( 21 +=


. 

dyyxFdxyxF
C

),(),( 21 +∫ ∫∫ 







∂

∂
−

∂
∂

=
D

dxdy
y

yxF
x

yxF ),(),( 12  

 Eg. 22

ˆˆˆ
yx

jxiyF
+
+−

= , find rdF
C





⋅∫ , where C is any closed curve. 

 (Sol.) 0),(,012 ≠∀=
∂
∂

−
∂
∂ yx

y
F

x
F

, 0=⋅∫ rdF
C





 if C does not enclose 0. 

      Else, ∫ =⋅ π2rdF 



 

  
Stokes’s theorem Let S be a regular surface with coherently oriented boundary C, 





dFAdF
CS

⋅=⋅×∇ ∫∫∫ )( . 

 
Divergence theorem Let S be a regular, positive-oriented closed surface, 
enclosing a region V, dxdydzFAdF

VS

)(


⋅∇=⋅ ∫∫∫∫∫ . 

Eg. Compute AdF
S



⋅∫∫ , where kejzxizyF yx ˆˆ)sin(ˆ)(
2223

2
22 −++++=



, 

1: 2

2

2

2

2

2

=++
c
z

b
y

a
xS . 【1990 成大工程科學所】 

(Sol.) 0=⋅∇ F


⇒ ∫∫ ∫∫∫ =⋅∇=⋅
S V

dxdydzFAdF 0)(

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Eg. 222,1 zyxr
r

f ++== , find dAnf
S

ˆ⋅∇∫∫  for S: x2+y2+z2=a2. 【1990 中山

電研】 
(Sol.) 

)ˆˆˆ(1)ˆˆˆ(
)(

1)1( 33222222
kzjyix

a
kzjyix

zyxzyx
fF ++

−
=++

++

−
=

++
∇=∇=



, 

3

3
a

F −
=⋅∇


, ππ 4
3

43)(ˆ
3

3 −=⋅
−

=⋅∇=⋅=⋅∇ ∫∫ ∫∫∫∫∫
S VS

a
a

dxdydzFAdFdAnf


 

Green’s identities 

ψφ ,  are scalars, 








∇−∇=∇−∇

⋅∇=∇⋅∇+∇

∫∫∫∫∫

∫∫∫∫∫
Addxdydzb

Addxdydza

SV

SV




][][)(

)(][)(

22

2

φyyφφyyφ

yφyφyφ
. 

 
7-5 Potential Theory 
Potential: φ  is called a potential for the vector field F



 if φ∇=F


 or φ−∇=F


 

Test for a potential: If F


 and F


⋅∇  are continuous in a simply-connected domain 

Ω, then F


 has a potential function. 0=×∇⇔ F


 

(Proof) 〝⇒〞: 0=×∇⇒±∇= FF


φ . 

〝⇐〞: 0=×∇ F


, 0)( =⋅×∇=⋅ ∫∫∫ AdFdF
SC







 

 Let C be the boundary of φ (x,y,z)=constant, then we choose φ±∇=F


, then 
0=⋅∫ 



dF
C

 is always valid.⇒ F


 has a potential function. 

Eg. Check (a) kzyxjzixyF ˆ)(ˆˆ2 2 +−++=


, 

and (b) kyxyejzxzeixyzeF xyzxyzxyz ˆ)(ˆ)(ˆ)4( ++++−=


, which does have a 
potential? 【1991 成大機研】 

(Sol.) (a) 0ˆ2ˆˆ)12( ≠−−−−=×∇ kxjizF


, ∴ no potential. 

(b) 0=×∇ F


, ∴ there exists a potential. 

kyxyejzxzeixyzek
z

j
y

i
x

F xyzxyzxyz ˆ)(ˆ)(ˆ)4(ˆˆˆ ++++−=
∂
∂

+
∂
∂

+
∂
∂

=∇=
φφφφ



 

),(),(),(2),,( 2 yxKyzezxJyzezyIxezyx xyzxyzxyz ++=++=+−=⇒ φ  

++−=⇒ zyxezyx xyz 22),,(φ Constant 

 Eg. )ˆˆˆ()( 222 kzjyixzyxF n ++++=


, find a scalar potential φ (x,y,z) so that 

φ−∇=F


.【1990 台大材研】 (Ans.)  C
n

zyxzyx
n

+
+
++−

=
+

)1(2
)(),,(

1222

φ  
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Theorem If F


 has a potential, then the line integral of F


 is independent of 
path in Ω. That is, 







dFdF
KC

⋅=⋅ ∫∫ , whenever C and K are regular curves in Ω 

with the same initial point and the same terminal point. 
(Proof)  











dFdFdF
CKC

⋅=⋅−⋅ ∫∫∫
′

 

If F


 has a potential, then 0=⋅∫
′





dF
C

, ∴ 







dFdF
KC

⋅=⋅ ∫∫ . 

  
Theorem Let F



 be a 2-D vector field of a simply-connected domain Ω. Then 

F


 has a potential on Ω.⇔
y
F

x
F

∂
∂

=
∂
∂ 12 . (In this case, jyxFiyxFF ˆ),(ˆ),( 21 +=



) 

(Proof) If φ∇=F


, then 
y

yxF
x

yxF
∂

∂
=

∂
∂

=
),(,),(

21
φφ , 

x
F

yxxyy
F

∂
∂

=
∂∂

∂
=

∂∂
∂

=
∂
∂ 2

22
1 φφ  

By Green’s theorem, ∫∫∫ =







∂
∂

−
∂
∂

=+
DC

dxdy
y
F

x
FdyFdxF 012

21 , ∴  F


 is 

conservative on Ω. 

Eg. (a) Is k
z
xyj

z
xi

z
yzyxF ˆˆˆ),,( 2+−−=



 conservative in the region z>0? (b) 

Evaluate rdF
C





⋅∫ , where k
z
xyj

z
xi

z
yF ˆˆˆ

2+−−=


, C is a piecewisely smooth curve 

from (1,1,1) to (2,-1,3) and not crossing the xy-plane. 【1990 成大化工所】 

 (Sol.) (a) 0=×∇ F


 in the region z>0, ∴ F


 is conservative. 

(b) 0=×∇ F


, ∴ ),,( zyxφ∃  such that φ∇=F


 

       ∫ ==⋅⇒−=⇒ −

3
5),,(),,( )3,1,2(

)1,1,1(zyxrdF
z

xyzyx φφ 



 

 

7-6 Curvilinear Coordinates 

Coordinate transformation: 








=
=
=

⇔








=
=
=

),,(
),,(
),,(

),,(
),,(
),,(

33

22

11

321

321

321

zyxqq
zyxqq
zyxqq

qqqzz
qqqyy
qqqxx

 

 
Scalar factors: If (q1,q2,q3) are orthogonal system, then 










=



















∂
∂

+







∂
∂

+







∂
∂

≠

=
ji

q
z

q
y

q
x

ji

h

iii

ij ,

,0
21222  
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Eg. Rectangular 
coordinate 
⇔ Spherical 
coordinate 

( )
( )










+=

+++=

++=

⇔








=
=
=

−

−

221

222221

222

cos

sin
cos

sinsin
cossin

yxx

zyxyx

zyxr

rz
ry
rx

φ

θ
θ

φθ
φθ


















=



















∂
∂

+







∂
∂

+







∂
∂

==

=


















∂
∂

+






∂
∂

+






∂
∂

==

=


















∂
∂

+






∂
∂

+






∂
∂

==

⇒

θ
φφφ

θθθ

φ

θ

sin

1

21222

33

21222

22

21222

11

rzyxhh

rzyxhh

r
z

r
y

r
xhhr

 

Differential length vector in the spherical coordinate: 
φθθ φθ drardadrald r sinˆˆˆ ++=



 

 
Eg. Rectangular coordinate ⇔ Cylindrical 
coordinate 

( )









=
=

+=

⇔








=
=
=

−

zz
xy

yxr

zz
ry
rx

1

22

tansin
cos

θθ
θ


















=


















∂
∂

+






∂
∂

+






∂
∂

==

=


















∂
∂

+






∂
∂

+






∂
∂

==

=


















∂
∂

+






∂
∂

+






∂
∂

==

⇒

1

1

21222

33

21222

22

21222

11

z
z

z
y

z
xhh

rzyxhh

r
z

r
y

r
xhh

z

r

θθθθ  

Differential length vector in the cylindrical coordinate: dzardadrald zr ˆˆˆ ++= θθ



 

 
Differential arc length: 212

33
2

22
2

11 ])()()[( dqhdqhdqhds ++=  
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Differential elements of area on the qiqj-plane: ijdA == ji dsds jiji dqdqhh  

Differential element of volume: dV == 321 dsdsds 321321 dqdqdqhhh  

 
Eg. Spherical coordinate: 

[ ]










=

==

++=

φθθ

θφθθ

φθθ

θφθ

ddrdrdV

etcrdrddAddrdA
drdrdrds

r

sin

.,,sin
sin

2

,
2

,

21222222

 

 
 
 
 
 
 

Eg. Cylindrical coordinate: 
[ ]










=

===
++=

dzrdrddV
drdzdArdrddAdzrddA

dzdrdrds

zrrz

θ

θθ
θ

θθ ,,,

212222

,, . 

 
Jacobian determinants: (p1,p2,p3)⇔ (q1,q2,q3) 

ji

j

j

j

i

i

j

i

i

ji dqdq

q
p

q
p

q
p

q
p

dpdp ⋅
















∂
∂

∂
∂

∂
∂

∂
∂

= det  

and 321

2

3

3

2

3

1

2

3

2

2

2

1

1

3

1

2

1

1

321 det dqdqdq

q
p

q
p

q
p

q
p

q
p

q
p

q
p

q
p

q
p

dpdpdp ⋅





















∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

=  

Eg. Let I= dxdydzzyxf
V

),,(∫∫∫ . Transform the integral from (x,y,z) into (r,θ,φ). 

















−
−=

0cossinsinsin
sinsincoscoscos

cossinsincossin
det||

φθφθ
θφθφθ

θφθφθ

rr
rrrJ φθθ 222 coscossinr=  

φθφθθφθ 232222232 cossinsincossinsinsin rrr +++ 321
23222 sin|sincossin| hhhrrr ==+= θθθθ  

 ∴ φθθθφθφθ ddrdrrrrφI
V

sin)cos,sinsin,cossin( 2⋅= ∫∫∫  
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Del operators in (q1,q2,q3) coordinate system: 

 ( ) 3
33

2
22

1
11

321 ˆ1ˆ1ˆ1,, u
qh

u
qh

u
qh

qqq
∂
∂

+
∂
∂

+
∂
∂

=∇
ψψψψ  

 ( ) ( ) ( ) ( )







∂
∂

+
∂
∂

+
∂
∂

=⋅∇ 213
3

312
2

321
1321

321
1,, hhF

q
hhF

q
hhF

qhhh
qqqF

h

 

 

332211

321

332211

321

ˆˆˆ
1

hFhFhF
qqq

uhuhuh

hhh
F

∂
∂

∂
∂

∂
∂

=×∇
h

 

 

( )321
2 ,, qqqψ∇ 
















∂
∂

∂
∂

+







∂
∂

∂
∂

+







∂
∂

∂
∂

=
33

21

322

31

211

32

1321

1
qh

hh
qqh

hh
qqh

hh
qhhh

ψψψ , 

where 332211 ˆˆˆ uFuFuFF ++=


 

 
Eg. Spherical coordinate system: hr=1, hθ=r, hφ=rsinθ 

φφθθ uFuFuFF rr ˆˆˆ ++=


 

( ) ( ) ( )φθ φθ
θ

θθ
F

r
F

r
Fr

rr
F r ∂

∂
⋅+⋅

∂
∂

⋅+
∂
∂

⋅=⋅∇
sin
1sin

sin
11 2

2



 

φθ

φθ

θ
φθ

θ

θ
FrrFF

r

ururu

r
F

r

r

⋅
∂
∂

∂
∂

∂
∂

=×∇

sin

ˆsinˆˆ

sin
1

2



, φθ φ
ψ

θθ
ψψψ u

r
u

r
u

r r ˆ
sin
1ˆ1ˆ

∂
∂

+
∂
∂

+
∂
∂

=∇  

2

2

222
2

2
2

sin
1sin

sin
11

φ
ψ

θθ
ψθ

θθ
ψψ

∂
∂
⋅+








∂
∂

∂
∂

⋅+







∂
∂

∂
∂

⋅=∇
rrr

r
rr

 

 
Eg. Cylindrical coordinate system: hr=1, hθ=r, hz=1 

zzrr uFuFuFF ˆˆˆ ++= θθ



 

( )
z

FF
r

rF
rr

F z
r ∂

∂
+

∂
∂

+
∂
∂

=⋅∇
θ
θ11

 

( ) z
z

r
z u

F
r

rF
rr

u
r

F
z

F
u

z
FF

r
F ˆ11ˆˆ1









∂
∂

−
∂
∂

+







∂
∂

−
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Unit vector conversions between distinct coordinates: 
Eg. Rectangular coordinate⇔ Spherical coordinate 
(Proof) φθ cossinˆˆ =⋅ rx , φθ sinsinˆˆ =⋅ ry , 

θcosˆˆ =⋅ rz , ∴ θφθφθ cosˆsinsinˆcossinˆˆ zyxr ++=  

Similarly, φθθ coscosˆˆ =⋅x , φθθ sincosˆˆ =⋅y , 

θθ sinˆˆ −=⋅z , ∴ θφθφθθ sinˆsincosˆcoscosˆˆ zyx −+= , 

And φφ sinˆˆ −=⋅x , φφ cosˆˆ =⋅y , 0ˆˆ =⋅φz , 

∴ φφφ cosˆsinˆˆ yx +−=  
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Eg. Rectangular coordinate⇔ Cylindrical coordinate 
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