
Chapter 3 Series Solutions of Differential Equations 

3-1 Simple Power Series Solutions of Ordinary Differential Equations 

For y’+g(x)y=r(x) or y”+P(x)y’+Q(x)y=F(x), if g(x), r(x), P(x), Q(x), and F(x) are 

analytical at zero, then y(x)= . 
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Eg. Solve (1+x2)y”+2xy’=0, y(0)=0, y’(0)=1. [台大電研] 

(Sol.) Let y= , y’=  
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y(0)=0, y’(0)=1a0=0 and a1=1 y(x)=tan -1(x) 

 

Eg. Solve (1+x2)y”-2xy’+2y=0. 

(Sol.) Let y= , y’=  
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Eg. Solve (x-1)y”-xy’+y=0. [台大應力所] 

(Ans.) y(x)=c1ex+ c2x 

Eg. Solve (x+1)y”-(x+2)y’+y=0. [台大土木所] 

(Ans.) y(x)= c1ex+ c2(x+2) 

 

Eg. Solve y’+ky=0 by series expansions. 

(Sol.) y= ,  


0n

n
n xa  









 
0 1

11

n n

n
n

n
n xnaxnay 






0
1)1(

m

m
m xam 






0
1)1(

n

n
n xan

 







 

0 0
1 0)1(

n n

n
n

n
n xakxan 




 

0
1 0])1[(

n

n
nn xkaan  

11 
  n

ka
a n

n , ,1,0n 
!

)1( 0

n
aka

nn

n


 , ,3,2,1n  

∴   


















0 0 0
0

0

!

)(

!

)()1(

n n n

nnn
n

n n
kxa

n
kxaxay kxea 0  

 

Eg. Solve y”+k2y=0 by series expansions. 

(Sol.) y= ,  

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Eg. Solve y”+x2y=0 by series expansions. 

(Sol.) y= , y”=  


0n

n
n xa 






0
2)1)(2(

n

n
n xann

    













 
0 2 2

22
22

n m n

n
n

m
m

n
n xaxaxayx

  



 

2
3222

2 062])1)(2[(
n

n
nn xaaxaannyxy

 
)1)(2(

2
2 


 

 nn
aa n

n ,  ,3,2n , 032  aa  

 
34
0

4 



a

a  
45
1

5 



aa  

 
3478

0
8 


a
a  

4589
1

9 


aa  

      

∴ 













 

347834
1

84

0

xxay 













 

458945

95

1

xxxa  

 

Eg. Solve y”-exy=0 by series expansions. 

(Sol.) y= , 
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3-2 Method of Frobenius 

For P(x) y”+Q(x)y’+R(x)y=0 
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Eg. Solve 3xy”+y’-y=0. 
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Eg. Solve x2y”+ x2y’-2y=0. 
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Eg. Solve xy”+(1-2x)y’+(x-1)y=0. [交大資科所] 
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Eg. Solve x2y”+ 5xy’+(x+4)y=0. 
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