Chapter 3 Series Solutions of Differential Equations
3-1 Simple Power Series Solutions of Ordinary Differential Equations
For y'+g(X)y=r(x) or y"+P(X)y'+Q(X)y=F(x), if g(x), r(x), P(x), Q(x), and F(x) are

analytical at zero, then y(X)= Z ax".
n=0

Eg. Solve (1+x2)y”+2xy’=0, y(0)=0, y’(0)=1. [Fi P

(Sol.) Lety=>» a,x",y=> na,x""
n=0 n=0

Y=Y nn-1ax" =Y nn-Da,x"? = (me2)(me Da,,x" =Y (1+2)n+1)a,,X

n=0

I+ XY +2xy" =y + Xy + 2%y’ :i(n+2)(n+1)a%2x“ +in(n—l)anx“ +izna]x“
n=0 n=0 n=0

=Y [n(n+Da, +(n+2)(n+1)a,,]x"=0=a,,, = LY
n=0 (N+2)
(="
= a =qa, = :...:0 and —
TS Lo = o

® X3 XS X7

= y(x) =Y ax" :ao+a1(x—?+?—7+_...):aOJra1 tan™"(x)
n=0

y(0)=0, y’(0)=1 = a,=0 and a,=1 = y(X)=tan™ (X)

Eg. Solve (1+x%)y”-2xy’+2y=0.

(Sol.) Lety=> a,x",y=> na,x"'
n=0 n=0

y' = i n(n-1a,x"> = i n(n-Da,x"”* = i(” +2(n+Da,, X"

n=0 n=2 n=0

1+ XY =2xy' +2y =y + Xy = 2xy' + 2y

= i(n +2)(n+1a,,x" + i n(n—Da,x" — iznanx“ + izanx”
-3 ~2)(n- " __(=Dh=-2)
= 2L+ 21413y, +(1=2)(N-D3 X" =0 = &, == =l —a

_(ED2)
1-2 %

. y(X) =3, +ax—a,x’ =a,(1-x*)+a,x

a= =-a9, 4=0, as=0, ---, and a;=0, as=0, a;=0, ---
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Eg. Solve (x-1)y”-xy’+y=0. [*F' TR
(Ans.) y(X)=C, €+ C,X

Eg. Solve (x+1)y”-(x+2)y’+y=0. [«F"l—kj 7+ 5]
(Ans.) Y(X)= C1 €+ Cr(X+2)

Eg. Solve y’+ky=0 by series expansions.

(Sol.) Fianx” , Y = Z‘O:nanx“‘1 = inanx“‘1 = i(mﬂ)amﬂxm = i(n+l)an+lx”

:>Z(n+1)an+lx +k2ax _0:>Z[(n+1)an+l+kan]x =0

n=0 n=0 =

k -
—a = an, n=0,1,------ :anzm, n=1,2,3,
n+1 n!

- 2 2, (~1)" (K 2 (ko)
y=Sax ZOaO( 2D o” Z( 0"

Eg. Solve y”+k?=0 by series expansions.

(Sol)y=>"ax", y"=>ann-Dx"* =>a ,(n+2)(n+Hx"
n=0 n=2 n=0

y' +ky=>[a,,(n+2)(n+1)+k’a,]x" =0

n=0
_k2
:>an+2 ____n —0’1’2’ ......
(n+2)(n+1)
-k*a, -k’a
= = a =—
% 2-1 3.2
k'a, _ k'a,

a, = a=—>=>—
4.3.2-1 5.4.3.2.1

B (_l)n k2n a() a _ (_l)n ana1

TSy ™ 2n+)!
2 i _ o 5 (CDT(0O (=D (k0™
Y= 2o zaz”‘x +Za2”‘“ Z 2m)! Z (2m+1)!

= a, cos(kx) + ?1 -sin(kx)
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Eg. Solve y”+x%=0 by series expansions.

(Sol.) y= i ax",y'= Zw: (n+2)(n+Da,,,Xx"
n=0 n=0

y'+xy =Y [(n+2)(n+Da,., +a,,]x" +2a, +6a,x=0

n=2
_a72
a =—n, n=2’3’ ...... , a, = =0
"2 (n+2)(n+1) 2 =&
—a, =2 a, =2
4.3 5.4
_ )
% 8-7-4.3 % 9.8.5-4

x* x* X’ X’
= 1- + e +al| X— + e
Y a‘)( 4.3 8.7-4-3 J 1[ 5.4 9.8.5-4 j
Eg. Solve y”-e*y=0 by series expansions.

(Sol.) —ia X" ex—ix—n— 1+X+X—Z+X—3+---
DYELEX €= L 21 3

n=0 n=0

© X2 X3
y'—e*y=> n(n-1a,x"’ - 1+x+?+§+~- -(a0 +ax+a,x’ +)
n=2 . .

=(2a, +6a.x+12a,x* +20a. x> +---
a, + 04, 4 5

—{ao +(a0+a1)x+(%+al+a2sz+[%+%+a2+a3]x3+--1
=0
—~2a,-a,=0, 6a,-a —a =0, 12a4—%—a1—a,2=0
8 a3ty _ata
BACIE S 6 Mo

Ly—a taxsdx +(ijs +(mjx4 e
2 6 12

x> x x! x x*
=) l+—+—+—+ [+ X+—+—+"-
2 6 12 6 12

=aY, (¥ +ay, (%)
Eg. Solve y"-€y=sin(x)+1. [{ [~ 5]
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3-2 Method of Frobenius

For P(x) y+Q(X)y"+R(X)y=0
i QX 4 RX)

have a regular singular point at Xo=0, and

P(X) P(x)
Q)
P(X) . ~ n+rooo .
are analytical at Xo=0, then y= Z a, X is a solution.
R
P(X)

= +Ar+B=0=r=r, I,
Case 1 r,#r; and ry-r, is not an integer, then

y1 — zanxmrl and y2 — anxn+r2

n=0 n=0

Case 2 r-r; is a positive integer, then y, = Z:anxn+rl and
n=0

y, = Z:bnxn+r2 + Ay, /n(X) , where A may be 0.

n=0

Case 3r,=ry, then y, =» ax™" and y, =y,(n(x)+> b x""

n=0 n=1
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Eg. Solve 3xy"+y’-y:O

(Sol.) y"+ y——y 0, p and -3L have a regular singular point at 0, but
X

3X
2
e L and -X— =% are analytic at 0.
3x 3 3X 3
= chxmr , Y = Z(n+ r)CanH‘—l Y= Z(n +r)N+r— l)CanH*z ,
n=0 n=0 n=0

3xy"+y -y =3 (n+0)(N+r-=HC X" + > (n+r)C x""" = C x™
n=0 n=0 n=0
=Y (N+1)(3n+3r-2)C x""" -> C x"'
n=0 n=0

=r3r-2)C,x"" + > (n+1)(3n+3r =2)C x™""' = > C x""

n=1 n=0

=r(3r-2)C,x"" +Z(m+r+1)(3m+3r+1)c:m+l - G

m=0

=r(3r-2)C,x"" +Z[(n+r+1)(3n+3r+1)cn+1 C, Ix™
n=0
. 2 . .
. rzg, 0:>r1—r2:§ 1s not an integer: Case 1
2hc o G oG ¢ G _GC .
3 (3n+5)(n+1) 5 8-2 215-8
C = C
Tons-81lees (3n+2)
r2:0:cn+124:>c1:&’ sz CO , e,
(n+1)(3n+1) 1-1 211-4
C0
"onl-4.-7------3n-2)
X n
Y= Z; ns-8-11------ (3n+2) Z;n'l 4.7 (30— 2)

=d,y,(X) +d,y,(x)
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Eg. Solve x%y”"+ x%y’-2y=0.
2

(Sol.) y"+y'—%y:0, —% has a regular singular point at 0, but — 2)2 =2 is
X X X

analytic at 0.

Cy=Yax™, Xy =Y (n+r)n+r—lax"
n=0

n=0
Xy =Y (n+1)a,x"" => (m+r-Da, x™ => (n+r-Dha, x""
n=0 m=1 n=1
X2y”+ X2y1_2y

=[r(r-Da, —2a,]x" + Y _[(n+r)(n+r -Da, +(n+r-Dha,, —2a,]-x"" =0
n=1
=r=2,-1=r-r, =3 isapositive integer: Case 2
[(n+r)(n+r-1)-2]a,+(n+r-Dha,, =0

n=2ma ——— o4 — .
n(n+3)

. ey (DX
. Y1(X)_6aﬂnz:(;n!(n+l)(n+3)

6a,
nl(n+2)(n+3)

Let y,(X) = Ay,(n(x)+ Y b x™" = Ay,fn(x) + > b x""
n=0 n=0

= Ay N(X) +2Axy, — Ay, + 3 (N=D(n-2)b,x™" + AX'yn(x)
n=0

o0

+ Axy, + D (N=2)b X" =2> b x"" —2Ay,in(x) =0
n=1

n=0

= AXY] + Xy, = ¥y) + 2D =2, X7 + 3 [n(n = 3)b, +(n-2)b, , ]x"" =0

n=1

n-2 1
— A=0, bn_—n(n_3)bn_1:>bl_—5bo, b,=0, b,=0, -
: _pf(l 1
S yz(x)—bo(x 2)
© (_l)nxn+2
Y, (0 =6>
N o T’(”“)(””) = V() = C,Y,(X) + C,Y, (X)
Y, (X)=——=
X 2

Eg. Solve xy”+(1-2x)y’+(x-1)y=0. [% A %¥E| 5]

(Ans.) y(X)=c,e* +c,e" - /nx

~24



Eg. Solve xzy"+ 5xy’+(x+4)y=0.

X+4 =0, > and XL24 have a regular singular point at 0, but
X

"

5X X+4 .
“==5and X’-———=xt4 are analytic at 0.
X X

Ly=Ylax™, Xy =Y (n+r)(n+r —Da,x™

n=0 n=0

Xyr — Z(n + r)anxmr , Xy — Zan Xn+r+1 — Zam_lxmﬂ — Zan_l Xn+r
n=0 n=0 m=1 n=l1

XY Sy + (X+4)Y = i[(n+ Nn+r—-ha, +5(n+r)a, +a, , +4a, ]x""

n=l1

+[r(r=1)+5r+4]a,x" =0
=r’+4r+4=0,r=-2,—-2:Case3

[(N+r)(n+r+4)+4Ja,+a,, =0

r:—2:>an=—% n:(_l)'zao
(n!)
0 (_l)n

S av0=a2

Let y, =y, n(x)+ > b x"?

n=1

= 4y, +2xy] + Y (N=2)(N=3)b,x"* + > _5(n-2)b x"* + > b x""
n=1 n=1

n=1
+Z4bnx +IN(X)-[X7 Y+ 5xy! + (X+4)y,]=0
z( X2 :>b1 =2, bn=_b;_l _2(_1)2
nt)? n n(n')

2 3 11 25,
=Y, (X MmX)+=—=+—X——-Xx
Y, (X) = y,fn(x) 277055 576
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