Chapter 10 Numerical Solutions of Inverse Laplace Transforms

10-1 Liou’s Method

Theorem 
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 is equivalent to a linear system as
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, or x(0)=T-1b
and x1(t)=y(t), x2(t)=y’(t), …, xn(t)=y(n-1)(t). Then x(t)=eAt．x(0)= eAt．T-1b, it is used to obtain y(t)=x1(t).
(Proof) Solve y(n)(t)+a1y(n-1)(t)+a2y(n-2)(t)+a3y(n-3)(t)+….+an-1y’ (t)+any(t)=0
By Laplace transform Y(s)=L[y(t)]
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[snY(s)-sn-1y(0)-sn-2y’(0)-…- y(n-1)(0)]+a1[sn-1Y(s)-sn-2y(0)-sn-3y’(0)-…-y(n-2)(0)]

+a2[sn-2Y(s)-sn-3y(0)-sn-4y’(0)-…-y(n-3)(0)]+…+an-1[sY(s)-y(0)]+anY(s)=0
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[sn+a1sn-1+a2sn-2+…+an-1s+an]Y(s)=y(0)sn-1+[a1y(0)+y’(0)]sn-2
+[a2y(0)+a1y’(0)+y”(0)]sn-3+…+[an-1y(0) +an-2y’(0)+an-3 y”(0)+…+y(n-1)(0)]
=b1sn-1+b2sn-2+b3sn-3+…+bn-1s+bn
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By x1(t)=y(t), x2(t)=y’(t), …, xn(t)=y(n-1)(t)
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b1=y(0)=x1(0),
b2=a1y(0)+y’(0)=a1x1(0)+x2(0),

b3=a2y(0)+a1y’(0)+y”(0)=a2x1(0)+a1x2(0)+x3(0), ...
bn=an-1y(0) +an-2y’(0)+an-3 y”(0)+…+y(n-1)(0)=an-1x1(0) +an-2x2(0)+an-3x3(0)+…+xn(0),
∴ 
[image: image11.wmf]ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

n

b

b

b

M

M

2

1



 EMBED Equation.3  [image: image12.wmf]ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

=

-

-

-

-

1

0

0

1

0

0

1

2

1

3

2

1

L

L

M

L

M

M

L

L

n

n

n

n

a

a

a

a

a



 EMBED Equation.3  [image: image13.wmf]ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

)

0

(

)

0

(

)

0

(

2

1

n

x

x

x

M

M


[image: image14.wmf]Þ


[image: image15.wmf]ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

=

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

-

-

-

-

-

n

n

n

n

n

n

b

b

b

a

a

a

a

a

x

x

x

M

M

L

L

M

L

M

M

L

L

M

M

2

1

1

2

1

3

2

1

2

1

1

0

0

1

0

0

1

)

0

(

)

0

(

)

0

(


Eg. Y(s)=
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, y(t)=?
(Sol.) 
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10-2 Wang’s Method

Theorem 
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, where ci=bi+1-b1ai, i=0, 1, …, n and bn+1=0.
It is equivalent to the linear system as
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Eg. Y(s)=
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(Sol.) 
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