Chapter 6 Initial-Value Problems for Ordinary Differential Equations

6-1 Euler’s Method

Solve y’=f(t,y), y(a)=α, a≦t≦b. Set h=(b-a)/n, ti=a+ih, i=0, 1, 2, …, n

[image: image57.jpg]204

Top Matalic

- Prolon Bombarded
Cortact

SomiIrsuating Barrer
- prGass

- pACaAs

™ Active Region
N

nAGaRs
"1 Gaas Substrate

\Bottom Contact

laser  Emiting Region





 EMBED Equation.3  [image: image2.wmf]Þ

y(ti+1)=y(ti)+h．f(ti,y(ti))
Eg. Solve y’=-y+t+1, 0≦t≦1, y(0)=1.

(Sol.)
Set 
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, ti=0.1i, y(ti+1)=y(ti)+h．[-y(ti)+ ti +1]
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C++ Program:

#include <stdio.h>

#include <math.h>

main()

{float a,b,h,y0,t; int i,n;

printf("a,b,n,y(a)\n");

scanf("%f %f %d %f",&a,&b,&n,&y0);

h=(b-a)/n;

float y=y0;

for (i=1;i<=n;i++)

{

t=a+i*h;

y=y+h*(-y+t+1);

printf("%f %f\n",t,y);

}

}
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Fortran Program 1:

      real h
write (*,*) 'a,b,n,y(a)'

read (*,*) a,b,n,y0

h=(b-a)/n
y=y0

do 1 i=1,n
t=a+i*h
y=y+h*(-y+t+1)

write (*,*) t,y
1     continue

      stop

end
Fortran Program 2:
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      real h
write (*,*) 'a,b,n,y(a)'

read (*,*) a,b,n,y0

h=(b-a)/n
y=y0

do 1 i=1,n
t=a+i*h
y=y+h*f(t,y)

write (*,*) t,y
1     continue

      stop

end

function f(t,y)

f=-y+t+1

return

end
Solve 
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, a≦t≦b.
Set h=(b-a)/n, ti=a+ih, i=0, 1, 2, …, n
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Eg. Solve y”-2y’-3y=t, y(0)=1, y’(0)=-1/3.

(Sol.) Let x1=y, x2=y’= x1’, then we have 
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Set h=(1-0)/20=0.05, ti=0.05i, i=0, 1, …, 20
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where x1(t0)=x1(0)=1, x2(t0)=x2(0)=-1/3
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Fortran Program:
real h
write (*,*) 'a,b,n,y(a),dy(a)'

read (*,*) a,b,n,x10,x20

h=(b-a)/n
x1=x10

x2=x20

do 1 i=1,n
t=a+i*h
x1=x1+h*x2

        x2=x2+h*(t+3*x1+2*x2)

        write (*,*) t,x1,x2

1     continue

      stop

end
Note: Euler’s method leads the accumulation of numerical errors.
6-2 The forth-order Runge-Kutta Method

Solve y’=f(t,y), a≦t≦b, y(a)=α. Set h=(b-a)/n, ti=a+ih, i=0, 1, 2, …, n
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, where i=0, 1, 2, …, n
Solve 
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Eg. Solve y”-2y’-3y=t, y(0)=1, y’(0)=-1/3, by the Runge-Kutta method.

real h,k11,k12,k21,k22,k31,k32,k41,k42

write (*,*) 'a,b,n,y(a),dy(a)'

read (*,*) a,b,n,x10,x20

h=(b-a)/n
x1=x10

x2=x20

do 1 i=1,n
 t=a+i*h
 k11=h*f1(t,x1,x2)

 k12=h*f2(t,x1,x2)

 k21=h*f1(t+h/2,x1+k11/2,x2+k12/2)

 k22=h*f2(t+h/2,x1+k11/2,x2+k12/2)

 k31=h*f1(t+h/2,x1+k21/2,x2+k22/2)

 k32=h*f2(t+h/2,x1+k21/2,x2+k22/2)

 k41=h*f1(t+h,x1+k31,x2+k32)

 k42=h*f2(t+h,x1+k31,x2+k32)

 x1=x1+(k11+2*k21+2*k31+k41)/6.
    x2=x2+(k12+2*k22+2*k32+k42)/6.
 write (*,*) t,x1,x2

1     continue

 stop

end

function f1(t,x1,x2)
 f1=x2

 return

end

function f2(t,x1,x2)

 f2=t+3*x1+2*x2

 return
end
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Eg. Solve the rate equations for describing the characteristics of the laser diode:
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(Sol.) For the sinusoidal input current I(t):
[image: image25.jpg]I(t),n,and np

I(t),n,and np

Freq.of Input Signal =700 MHz

(Arbitrary Unit)

np
L {0 v e i e (¢ flssiaf b S el *K e JJ
o] 1500 3000 4500 6000 7500 (PS)
Time
(a)

Freq.of Input Signal =900 MHz

I(t)

| S TR A |

(Arbitrary Unit)

O S R

! |

1 I L]
4500 6000 7500 (PS)
Time

(b)

B 1
0 1500 3000



[image: image26.jpg][(t) ,n,and np

1(t),n,and np
(Arbitrary Unit)

T rrrrirtd

(Arbitrary Unit)

Freq.of Input Signal=1.0 GHz

| L L

TER LU T

y 1 L 1 I 1 { I ——"(1_
0 500 1000 1500 2000 2500(PS)
Time

(c)

Freg.of Input Signal=2.0 GHz

T T T T T T 171

AT~~~ —
0 500 1000 1500 2000 2500 (PS)
Time

(d)




[image: image27.jpg][(t),n,and np

Ht), n,and np

(Arbitrary Unit)

(Arbitrary Unit)

Freq. of Input Signal=2.5 GHz

1

L
1000 1500 2000 2500 (PS)

Time

(e)

Freq.of Input Signal =3.0 GHz

T T T TTT

LT Y m_./

0 500 1000 1500 2000 2500 (PS)

Time

(f)




For the triangular input current I(t):
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6-3 Multi-step Methods

The 4th-order Adams-Bashforth method: Solve y’=f(t,y) by

y(ti+1)=y(ti)+
[image: image31.wmf]))
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 EMBED Equation.3  [image: image32.wmf]))]
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where h=(b-a)/n, ti=a+ih, i=0, 1, 2, …, n, and y(t0), y(t1), y(t2), and y(t3) are given.

The 4th-order Adams-Moulton method: Solve y’=f(t,y) by

y(ti+1)=y(ti)+
[image: image33.wmf]))
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 EMBED Equation.3  [image: image34.wmf]))]
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where y(t0), y(t1), and y(t2) are given.

Note: Adams-Bashforth technique is an explicit four-step method.

Adams-Moulton technique is an implicit four-step method.

Eg. Solve y’=-y+t+1, 0≦t≦1, y(0)=1.

(Sol.) f(t,y)=-y+t+1, set 
[image: image35.wmf]1
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Adams-Bashforth method:
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Adams-Moulton method:
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Predictor-corrector method: Combination of explicit and implicit techniques as
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where h=(b-a)/n, yi=y(ti), ti=a+ih, i=0, 1, 2, …, n.
Root condition Let λ1, λ2, …, λm (not necessarily distinct) be the roots of the characteristic polynomial equation p(λ)=λm-am-1λm-1-…-a1λ-a0=0, associated with the multi-step method which is defined by
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with y0=α0, y1=α1, y2=α2, …, ym-1=αm-1.
If |λi|
[image: image41.wmf]£

1 for 
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i=1, 2, …, m, and all roots with absolute value 1 are simple roots, then the multi-step method is stable

1. Strongly stable: If |λi|=1
[image: image43.wmf]Þ

λi=1
2. Weakly stable: If |λi|=1
[image: image44.wmf]Þ

λi may be other than unity.

Eg. Is the following explicit multi-step method stable?
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(Sol.) 
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Characteristic polynomial is p(λ)=λ4-1=0
λ=1, i, -1, -i
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|λ|
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1
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stable, but |λ|=1 holds for -1, i, -i≠1. ∴ It is weakly stable!
Eg. Show that Adams-Bashforth method is strongly stable.

(Proof) 
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Characteristic polynomial is p(λ)=λ4-λ3=0
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|λ|=1 holds only λ=1. ∴ It is strongly stable!
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