Chapter 6 Metallic Waveguide and Cavity Resonators

6-1 General Metallic Waveguides

How to study the theory of metallic waveguides (by
N L. J. Chu, 2§ Bb):

T T /T\\ T 1. Specify a proper coordinate system, and derive
/\ /A\\ waveguide’s equations to express the transverse

components of the E- and H-fields in terms of the

Input eigenmode Input non-eigenmode

longitudinal components by Maxwell’s equations.

2. Caculate the eigenmodes (TM mode, TE mode, TEM mode or other types of
modes) of the waveguide, and obtain the eigenvalues and the longitudinal
field-components of the corresponding eigenmodes by solving the wave equations.
Substituting the longitudinal field-components into the longitudinal components,
we can obtain the other components. If the eigenmode is injected into a waveguide,
it can propagate along an infinitely-long straight waveguide without any
deformation. However, in case the input EM wave is not an eigenmode, some
power loss occurs and then it becomes the eigenmode gradually. All the
eigenmodal functions in an infinitely-long straight metallic waveguide are
orthogonal to each other. Moreover, these eigenmodes form a complete set (a
basis in a vector space), such that any electromagnetic fields within the waveguide
can be uniquely expressed by the eigenmodal functions.

3. Obtain the quantities of the physical characteristics for a given eigenmode, such as

the cutoff frequency (f.), the propagation constant (y=a+jf), the phase velocity

(vp=0/p), the group velocity (v, = dw/0of ), the impedance Z, etc.

Ingant non-2igenmade, and then the wave decaye and
gradually becomes eigenmode

Input the eigenmode of waveznide
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Waveguide’s equations: According to Ampere’s law and Faraday’s law, we obtain
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any frequency, no cutoff
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Case 3 TE mode: E,=0, H,#0 and VtzHZJthHZ:O

goo Y OHD oy OHI . joudH! o _joudH!
' noox Y ooy T ooy 7 Rt ox

E} __E_jou . 7 F=—7 (3xH
=7, =—t=-2=SG T yand E=-Z,(2xH)
H' H) 3 Jjoe

y X

If e, 7=jﬁ=jk1/1—(%)2 - joyuz 1_(%)2

n 1
:>ZTE =—, Vp =
=/ ) JueJ1-(f. 1 )

Wave Impedances and Guide Wavelengths for f > f,

Mode

Wave Impedance, Z

Guide Wavelength, 7,

TEM

™

TE

A=

1
f/ne
HUETIAL o)
V1= (/P

A

W=

Normalized wave impedance

(=]

0 1

Sife

A case of longitudinal v,>0 but longitudinal v,=0 in barber’s pole.
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6-2 Parallel-Plate Waveguides
Case 1 TM,, mode: H,=0, E_(x,y)=E’(y)e”

0
ar. (2y) +h’E!(y)=0, EX(y)=0 aty=0andb

£ .
joe dE(y) _ joe cos(2)

)= hd T b |
4 and y =’ —w ue = |("5) - 0’ ue
dEO(y) h Iy b
b

E y)=- =——4, cos(——
dy Y

Cutoff frequency: fch fulfills y=0. (Note: n=0 is the TEM mode)
2b+ ue
Case 2 TE, modes: E,=0, H_(y,z)=H’(y)e”
H dH’
wm 10y =0, =D o o 120 and b= H(») = B, cos("™®) and
dy’ d b
n
ﬁ:
2b+| ue
. HO
H00) =~ LB 8L L gin 2
g h dyv h b nZT.,
dH _ and y= (7) -0 ue,n=1,2,3, ...
E’(y)=- _JOH B, sin(@)
dy h b
E Eg. (a)Write the instantaneous field
=) 5% expression for 7M; mode in a

8¢
: % : : parallel-plate waveguide. (b) Sketch the
_\§\§m§r E- & H- field lines in the yz-plane.

Electric field lines,
(ol Magnetic field lines (x-axis into the papser).

(Sol.) (a) For n=1, E (y,z,t)= @Al cos(%) sin(wt — fz)
Vs

H.(nzt)=—22 4 cos(%)sin(a)t ), B=.|otue- (%)2
T

dy dz _ dy _E,(,20) _ pb
Ez dz E. (y,z,O)

(b)

cot(ﬂby) tan fz = cos(g) cos fz =constant
y



Eg. (a) Write the instantaneous field expression for 7E, mode in a parallel-plate
waveguide. (b) Sketch the electric and magnetic field lines in the yz-plane.

(Sol.) (a) For n=1, H_(y,z;t)=5B, cos(%) cos(wt — fz),

pb
V4
Ex(y,z;t)=—%Bl sin(%)sin(a)t—ﬂz), where f is the same as that of the 7M,

H, =(.z0)=-5 sin(%) sin(at — f&2)

mode.
(b) At =0,

E. (3,20 == B, sin(®ysin fz,

H (y,z;0 y
. Q — M — ﬁ tan(_) tan ﬂz
is into the paper). dZ HZ (y, Z;O) T b

Eg. Find the electric and the magnetic fields of the propagating wave in a
parallel waveguide b=S5cm, filled with a dielectric (4¢o,40) and excited by
H = pcos40mxsin8710°¢.

(Sol.) f=4x 10°Hz, cos40mx= cos(%) : TM> mode

(S, =ﬁ:3x109, (JDn, <S> .. TM> mode can propagate!
0 0

f=ofmaz, 1_((12}”42)2 _110.82 = H = Jeos(40)sin(8710°7 —110.82z)

E = #124.67cos(@0x)sin@710° 1 —110.82z) + 2141.37sin(407z¢) cos@710° ¢ —110.82z)

Eg. Find the electric field of the propagating wave in an air parallel waveguide
b=5cm excited by E = p10(sin 207z + 0.5sin 607zx)sin10'° 7z .

(Sol.) f=5x 10°Hz, sin20mx= sin(O—ﬂgs) : TE, mode, sin60mx= sin(%) . TE3 mode

1 3
(fc)TEl = :3X1099(fc)TE3 = -=9x10°, (fc)TE1 <f<(fc)TE3
2b4 €, 2D o8,
.. Only TE| mode can propagate! g=n. /4 ¢, 1_((]2;751)2 _80z
3

E = $10sin(207x)sin(10'" 7z — 807”2)



Energy-transport velocity and attenuation in parallel-plate waveguides:
_)
A

Energy velocity of TM mode:

Energy VelOClty V and (ven )TE = (ven )TM
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a of TE mode: a4 is the same as the expression in TM mode

1 bB,
P = wf, S EDH ) *dy = LLE e [ (12
furs
= 1= (L
e [1-(5)
=wB’R
g B _ 2R nm, RS _2 Jmfc \/ (/.1 /)
CO2P(z) eupb b gpr1-(f 1 f)> b\ oo, N1-(f./f)

a a
Note: . { ”} of the higher-order modes >{ C} of the lower-order modes,
a, a,

the lowest-order mode is often utilized in communication systems. Otherwise, the

signal decays very soon.

Eg. A waveguide is formed by two parallel copper sheets, which is separated by a
Scm thick lossy dielectric &,=2.25, u,=1, 6=10""(S/m). For an operating frequency
of 10GHz, find agq, a, f, vp, vy and A, for (a) the TEM mode, (b) the 7M; mode.
(Sol.) 6.=5.8x10"(S/m)

(a) TEM: S =wnfue =314.16rad Im, a, =%:1.257x10_8Np/m,

a e =2.078x10°N, /m, v, = L 0x10%mss. v =v

¢ p > g p?
b o, N HE

v
A, =—2=0.02m
f

(b) TM,: f, = ! =2x10°Hz, [ = ue- 1—(£)2=307.88rad/m
2b4| ue S
0, =T 1 280%10°N, Im> @, = 1 =4.237x10° N, /m

21-(f 1) ’ Conb (L O (f ) )]

8\2
v =—=2.041x10%m/s, :mzl.%xlosm/s, A =

w Vo
— —£=0.0204m
rpB ¢ 2.25v, £ f



Eg. A parallel-plate waveguide made of two perfectly conducting infinite planes
spaced 3cm apart in air operates at a frequency 10GHz. Find the maximum
time-average power that can be propagated per unit width of the without a
voltage breakdown for (a) the TEM mode, (b) the TM; mode, (c¢) the TE; mode.

1
b\ s

(Sol.) Without breakdown: E o =3x10°V/m, b=3x10"m, f. = =5x10°(Hz),

ﬂ=w@~,/1—(§)2

1
2

BE °

TEM: P=—Re(E H,)-b =%= 3.581x10°
n

6
vy 22 =3x10° = 4 =20 Py 0 0675100 W
V4 pb 2
b 3x10°7

TE,: ——B, =3x10°=B, = =P =a),u,3b(%)=l.55x108W
1 1 av 272_
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6-3 Rectangular Waveguides

Case 1 TM ,, modes: H,=0, E_(x,y,z)=E(x,y)e’
2 2

(V2 +h)E)(x,y) = 0:>(a—+g+h VE? (x, y)_,To

E!(x,y)=0 atx=0, a, and y=0, b

* Eigenvalues: 72 = (25) + 52, E(x,y) = E, sin(2ysin(2
a b a b
Waveguide’s equations =

E°(xy)———( "\E, cos&x)sm@y) E'(x ,y)———( *\E, sm&x)cos@y)

(,y)—’“’g OEsine - )cosC ). H)(xy) =~ ’“"9 EOE cost ysing )

y=jf= j\/ o’ ,ug—(@)z —(n—lj[)2 . Note: TM,, mode, neither m nor n can be zero.
a

1 mo, N,
Cutoff frequency: = (5?4 (=
q Yy (fc)TM,,m 2\/; (a) (b)

In case of f>f.: waves can propagate, clse if f/<f.: evanescent waves (cutoff).

Case 2 TE y, modes: E,=0, H_(x,y,z)=H.(x,y)e™”

oH?
2 2 a—Z:O(orEy:0) x=0, a
( s+ +hH (x,y) =0, { < at o b
»’ M. _ore -0 277
oy

= H'(x,y) = H, cos("22) cos(%)
a

Waveguide’s equations =

006y) = f“’”( EOH,sinC x)cos ")

H(03) =5 COHSine 0eos(, "), H(6.0) =5 () cost sing )

E(x, =ja),un7r
B ="

where 7=j\/wzﬂ€—(%)2—(%)2 and (f.)z,, = ( )+ )

P

In case of 2b>a>b, the fundamental mode of the rectangular waveguide is TE 1y mode.

It has the lowest cutoff frequency (f,)z, = _ b = —(Hz)

2aJue  2a



TEp waveguide mode

Note: We prefer a waveguide that is single-mode because the fundamental mode has
the lowest attenuation and avoid modal dispersion. The bandwidth of the

single-mode waveguide is (fc)1<f<(f.)2.

Dispersion: Waves have different velocities

Modal Dispersion: Different modes have distinct phase velocities.

Magic-T-junction: (made of rectangular metallic waveguide)

Eg. Calculate and compare the values of f, vy, v, A, and Z, for a

2.5cmx1.5cm rectangular waveguide operating at 7.5GHz. if the waveguide is

hollow.

(Sol.) u=uo.e=€0, (f )z _ 11 =6x10" Hz, 1—(L)2 =0.6
10 261 ,,Llé‘ f

L=\ ue - 1—(fc ) =94.25rad/m, v, = =5%10° mls

1 1
I " Nws 1-np)
he=vp/f=0.06Tm, Z,;, 207 630, Ve =L~1/1—(£)2 =1.8x10" mls
VI=(£./f) ue NS




Eg. Calculate and list in ascending order the cutoff frequencies of an axb
rectangular waveguide for the following modes: TEy, TE1, TE11, and TEj, if
a=2b.

1 m n 1 1
Sol. = (&) + (), a=2b= (f. w = (f) gy =———
(Sol) 2\ ue GG o, 4b\fpe (o), 2b\Jue

V5 1

(.fc)TE“ :(f;')TM11 - 4b\/_ f )TEOZ - b\/E

Eg. An air-filled axb (b<a<2b) rectangular waveguide is to be constructed to
operate at 3GHz in the dominant mode. We desire the operating frequency to be
at least 20% higher than the cutoff frequency of the dominant mode and also at
least 20% below the cutoff frequency of the next higher-order mode. (a) Give a
typical design for the dimensions a and b. (b) Calculate for your design £, vy, A
and the wave impedance at the operating frequency. [’F' ‘[“\?Ef‘fp'ﬂ:]

(ﬂ)2 +(%)2 . b<a<2b, the dominant mode: TE\,, the next
a

1
Sol. = :
(Sol) (a) f, N
mode: TE

1 3x10° —(1/2a\/E)
2bJue (1/2a+ ue)

(fc)TE10 = (f )TEm = 20%,

S

1/2b ue) —3x10°
(1/2by pz) -3 % >20% =>a >0.06m, b<0.04m,and a<2b

(1/2b\/ )

(b) Choose a=0.065m, b=0.035m, (f,); =23x10°(Hz), [1- (%)2 =0.679,

=4.7x10*m/s,

fow 1 1
B=orus- [1-(L2) =40.15rad Im, v, = ——-

! Jue J1-(f./ 1)
2, =v7”=0.157m, Zye, =10 J\1=(f./f)? =1207/0.639 = 5900



Eg. A 3cmx1.5cm rectangular waveguide operating at 6GHz has a dielectric
discontinuity between medium 1 (#¢,&9) and medium 2 (x¢,4¢9). (a) Find the SWR
in the free-space region. (b) Find the length and the permittivity of a

quarter-wave section to achieve a match between two media.

(Sol.) For TE ;) mode, flzL ! =5x10"Hz, f ! !

© 2a V€ “ :Z\/ﬂo“go
Z, =\t &, [N1= (| 1) =682, Z, = Ju [z, [\1- (£, 1) = 20702

7 1+T|
=>I==2 Zl =-0.5337 = SWR= 1-]I'| =3.289

fc3 :i; and Z3 = 1[luo/é‘rgo /'\Il_(fﬁ/f)z = 2122 =£,=1.6995
2a \ uy8, €,

d=13/4=v,3/4f=1.24685x10m

=25%x10’ Hz

Eg. (a) Write the instantaneous field expressions for the 7M;; mode in a
rectangular waveguide of sides @ and b. (b) Sketch the electric and magnetic field
lines in a typical xy-plane and in a typical yz-plane.

y/'b

1 ‘0 WIIIIIIIIIIIII/IIIIgll’IIIIIII[’IIIIIIIIIIIIIIIIIIIIIIIIIIIII'II/III/IIIIIIIIIIIIA

0 SIS S A AT ELLLLSTLL LTSS LSS LTS LTSS SIS TSI LTS ESS S

0 /2 T 3x/2 2r B2
(a) (b)

(Sol.) (a) m=1, n=1

Y
B2

B

E,(v.5.5:0) =5 ()E, cos(x)sin(y)sin(ar = fz)> E, (3, ,231) =
a a

(E)EO sin(z X) cos(z y)sin(wt — fz)>
b a b

. T . T
E (x,y,z;t) = E, Sm(z x) Sln(; y)cos(wt — fz) » H (x,y,z;t) = —% (%)E0 sin(z x) cos(% y)sin(awt — fz)°
a

H (x,y,z;t) = %(E)E0 cos(zx) sin(%y) sin(ot — fz)° where p= N \/wz,ug - (z)2 - (%)2
a a a

(&) 1na ypical w-plane, (), = LtanEx)cotZ 1), (), =L eotEx)tan(Z )
dx b a b dx a a b



Eg. For an axb rectangular waveguide operating at the 7M; mode, derive the
expressions for the surface current densities on the conducting walls.

]a)g z Aja)g 7r

—)]

) J.(x=b)=J, (x=0)

(Sol.)

. ]6()8 7z ]we

0 ln( )]

Eg. (a) Write the instantaneous field expression for the 7FE;y mode in a
rectangular waveguide having sides a and b. (b) Sketch the electric and magnetic
field lines in typical xy-, yz-, and xz-planes. (c) Sketch the surface currents on the
guide walls.

(Sol.) (@ m=1, n=0,

E (x,y,z;t) =0 , E (x,y,z;t)=0 ,

E (x,y,z;t) = h_( )H, sm(—x) sin(wt — fz),

H_(x,y,2;t) = —EZ(E)H0 sin(z x)cos(at — f2), H (%, y,2;1) = 0

where [ = m o e — (— (b) (—) g = ( )tan(— x)tan Sz
(c) J,=a,xH.At=0, J (x=0)=-9H_(0,y,2,0) = —PH, cos fz
J(x=a)=JH (a,y,20)=J (x=a)

J (v =0) = 2H_(x,0,2;0) — 2H (x,0, z;0) = £H , cos(Z- x) cos( fz) — 2%(1)1{0 sin(Z x)sin S
a a a

J,(y=b)=-J (y=0)

xia=1




Eg. The eigenmodes in the rectangular waveguide.
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Modes in Rectangular Waveguide

Bending and 7-Branches of Waveguides:




Attenuation in the rectangular waveguide:

0-77 d o = PL(Z)

N )

o=aq4ta., where a, =

Consider TE o mode:
_ b a 1 0 0 _ 1 a. ., 2 b a . 5 T _ aHO 2
P@) =[] [ EDH) *dvdy=—oupC) Hy [ [[sin® (Cx)dvdy = opfab= )
and
Jl(x=0)=J)(x=a)=-) H)(x=0)=—FH,
Ty =0)=—J" (v = b) = #H"(y = 0)— 2H" (v = 0) = £H, cos(Zx) - 222 1 sin(Z x)
a T a

b

P& = AP,y + 2PN, s [P = [ 0= 0 Ry =2

HR,

Jo(y=0) +

and (7, ()]0 =[5 T5 = 0f IR ax =411+ v,

T

:>PL(Z)={b+3[1+(& 2]}H§RS i+ Ll ymir
2 r 2 f
_RO+Qba)(/ /] T Hpe o 2 fenn o A
@l wl=(f./f)° o - a P R
Similar approach — (¢ ), = 2R, [(b/a’) +(a/b")]
" maby1- (£, ) 1(/a?) + (1/67)]
é(ém2+n2)
2Rs b fc 2 1 fc 2 a a
(@), = =1+ (D)ED H [ - ()
1= (/.//) A f 2
General Cases: pe
R m2(2)3 +n?
(ac)TMm = = >
1= (111 w2y
a

a, in (dB/m)

10:d 50 520028 53050 85 f (GHz)




Eg. A TE,, wave at 10GHz propagates in a brass o.=1.57 x107(S/m) rectangular
waveguide with inner dimensions a=1.5¢cm and b=0.6cm, which is filled with
&=2.25, u,=1, loss tangent=4X10'4. Determine (a) the phase constant, (b) the
guide wavelength, (c) the phase velocity, (d) the wave impedance, (e) the
attenuation constant due to loss in the dielectric, and (f) the attenuation constant
due to loss in the guide walls.

v 3x10°  2x10°

Sol.) ~10"Hz, A=—= = =0.02m
( )ﬁ f \/EXIOIO 1010
8
For TExpmode, f. = =— 210 _0667x10" Bz
2a  2x(1.5x107°)

10} f. A
p=—|1-()" =234rad /m,. A, = ————==0.0268m

v S VI=(£./f)
v, 2;:2.68x108m/s, 7 - N */’11/52337‘4(Q)

1= (f./f) NIt

o =4x10"ws =5x107"S/m, a, =%ZTEIO =0.084Np/m = 0.73dB/m

R = [PH _0.05101(0),

O-L’

L, _RI+@ba)f/f)’)

nby1=(f./ 1)

=0.0526Np/m =0.457dB/m .

Eg. (a) Determine the value of f./f at which the attenuation constant due to
conductor losses in an axb rectangular waveguide for the 7FE;, mode is a

minimum. What is the minimum obtainable a. in a 2cmx1cm guide? At what

frequency? (b) Determine the value of (f/ JS)ny, at which this attenuation

constant is 2a minimum.

[ L O,
(Sol.) (a) (ac)mo—nb o=/ 17 [l+a f)], T =0

:fzﬂ.[(6b+3a)—\/(265+3a) —8ab]_l/2

2R (b/a’ +a/b?) d(a.),,,

b vy, = ’
() (ac) T 77ab 1_(ﬂ/f)2(1/az+l/b2) df

=0= [ =3/,



Eg. An air-filled rectangular waveguide made of copper and having transverse
dimensions a=7.20cm and b=3.40cm operates at a frequency 3GHz in the
dominant mode. Find (a) f;, (b) A, () a., and (d) the distance over which the
field intensities of the propagating wave will be attenuated by 50%.

(Sol.) 6.=5.8x10"S/m (a) (f.)r;, = ﬁ =2.083GHz <3GHz
Y
(b) 2, =——=——=0.109m
NI=( /1)
1 u b f.. 3
©) (@), =— [ ——— 226x10°N, /
O @ =g "

(d) 0.5=¢* =d=307.25m

Eg. An average power of 1kW at 10GHZ is to be delivered to an antenna at the
TE;p mode by an air-filled rectangular copper waveguide 1m long and having
sides a=2.25¢m and b=1.00cm. Find (a) the attenuation constant due to conductor
losses, (b) the maximum values of the electric and magnetic field intensities
within the waveguide, (c) the maximum value of the surface current density on

the conducting walls, (d) the total amount of average power dissipated in the
waveguide. [’F' ‘,“\?Eﬁ?”ﬂ

(Sol) @) (), :ﬁ:mom@, £=10:10'Hz -y —o7ass

i 2b f. >
@), =— = (1 —( ©)*1=0.13Np/m
o o L= (f./ /)] f
2 B=ovfue 1-(f. /) =156.1rad Im, h> =(Z)
a
=1000=3.56x107 Hy = H, =1674/m=|E, | =|E} (x,»)| =%~£HO = 94800V / m
0 ﬁa
|H(x,y)|  =F=H,=187.44/m, —H,=1674/m.

If at input end, all factor><eO'13 (=1.138)

(c) J,(x=0)=—pH,cosfk =|J,

_HO’ js(y:()) :J;X()%H)? +2H3)y=0

fov
770 (f

{(’;) -2l f> sm@)} , y

At the input end, this factorx<1.138

(d) AP=1000x[e**"' —1]=262W (. P « |E|2 o )



Eg. Find the maximum amount of 10GHz average power that can be transmitted
through an air-filled rectangular waveguide a=2.25c¢m, b=1.00cm at the TE,

mode without a breakdown. (Without breakdown: |E |max =3x10°V /m)

(Sol.)H, =53054/m, P(z) = wupPab(aH, /27)* ~ 1MW

6-4 Circular Waveguides

Circular waveguide’s equations:

i OE.  wuoH | wg OF oH
E=-LipTay P g = L pT
h or r 0¢ h™" r 0¢ or
h r O0¢ or h or r 0¢

Case 1 TM ,, modes: H,=0, and VtzEZ+h2Ez=O

10, 0E.. 1 0E
=>——0—)+—5——
ror or  r° 0¢

+hE. =0

E’(r,$)=C,J, (hr)cosng and E.(r,,z)=E’(r,f)e”

E’ = —%an'n (hr)cos ng, E° = Zf: C.J (hr)sin ng
=
O~ jwen _ Jjws

r

C,J,(hr)sinng, H =

C,J' (hr)cosng

2
r
E°=H’=0 at r=a and W*=y*+k*= h fulfills J,(ha)=0 (the first root of Jy(x) is
2.405)

hpv,  0.383 (h. 2405
2N HE  an uE o

Note: 4 fulfills the p™ root of J,(ha)=0 for TM,, mode, and 4 fulfills the p" root of
J’n(ha)=0 for TE,, mode.

For Mo mode, cutoff frequency: (f, )z, = )



Case 2 TE,, modes: E,=0, NV H, AR H,=0= H(r,¢)=C'", J, (hr)cosng
Waveguide’s equations

H’ = —%C‘n J', (hr)ycosng, H; =%C‘n J, (hr)sinng
r
—

7

£ =L e, g, (rysinng, E) =¥, 1, (hr)cosng
r

0
E! =0, 8212 =0 atr=a= h fulfills J ,(ha)=0 (the first root of J’1(x) is 1.841)
r
h
Cutoff frequency of TEy mode: (f,);; = s, _ 0.293 B 1.841)

(Prg, =
2 HE  an pE T

Note: TE; mode is the fundament (dominant) mode of a circular waveguide.

Summary of Wave Types for Circular Guldes®

Wave Type T™u
Field distributions in
eroms-sectionsl plane,]
at plane of mavimusm
Uranaverse Gelds
Field distributions
along guide
Fiald conpmeaty EnEnll, Ev B H, Ew Bn B Ho Hy Mo Ho By Moy Hy, Hoo En By
Pu o par 2405 552 8 1.8 184
208 sm s m m
G - 2 35 A
b 2810 [ 1640 184 34l
0.39 0877 0,600 0.n0s 0.293
U o;p '3 . l;. L4 ;-V_u r g
Attesustion dus lo Ry 1 __1 Bs ! Rs (g B 1 ™
imperlect conducton o Vi-Gn) o VT Uit o V- Gl o Vi- (gn o Vi-unt [(}‘) "““‘”]

* Electric field lines are shown solid and magnetic field lines are dashed.

Eg. (a) A 10GHz signal is to be transmitted inside a hollow circular conducting
pipe. Determine the inside diameter of the pipe such that its lowest cutoff
frequency is 20% below this signal frequency. (b) If the pipe is to operate at

15GHz, what waveguide modes can propagate in the pipe?
0.293  0.879

Sol. =
(Sol.) (a) (fc)TE“ a@ P

(b) fc of waveguide with ¢=0.011(m) is (f, ), =8GHz<I5GH:.

x10° (Hz), 10x (1-20%)=8, 2a=0.022m.

24 054
(‘f‘c)TMO = & = 10'45(GHZ) > (f;)T@ :i :13.27(GH2
L 2m e, 2 e,
Feras of Jizh 5, Liras af J(r), .x;,

il n=10 n=1 =32 [ n=10 an=1 =3

1 2.405 1832 5136 1 1832 1841 054
2 55100 7016 8417 : T 5330 6706




6-5 Rectangular Cavity Resonators

d-—-|

(a) Probe excitation. (b) Loon excitation.

Case 1 TM ynp mode: H,=0, neither m nor n =0, p can be 0.

E.(x.9.2) = Eysin™ = 0)sin(7- y)cos( 7 2)

E,(x,7,2) = —— D, cos" sin( - p)sin(2T2)
E, (x,y,z>——i(ﬂ)< Py, sin(™ ) cos(" p)sin(27 2)
H (x,y,2) = ’ L (COE, sin(™ - x)cos( - y)cos(P2)

H ,(x,y,2) = ’“’5

where 72 = (252 4 2y 4 (272
a b d

Case 2 TE ynp mode: E,=0, p#0. Either m or n =0, but not both.
H_ (x,y,z)=H, cos(m—ﬂ X) cos(M ¥) sin(p—ﬂ z)

E (x,y,z)= ] a),u (—)H os(— X) s1n(— ¥) s1n(— z)
E,(x,y,2) = —@(—)H0 sin(— x) cos(— ¥) sin(— 2)

H (x,y,z)= —L(ﬂ)( —)H, sm(— X) cos(— ¥) cos(— z)

H, (x,y,2)=——F (—)( )H cos(— X) sm(— y) cos(— z)

1
Both have the same resonant frequency (degenerate modes): f,,=——- (LVSsz)z +(§)z
QueVa b

Note: TE;o; mode is the dominant mode of the rectangular resonator in case of

a>b<d.



Eg. Given an air-filled lossless rectangular cavity resonator with dimensions
8cmx6cm xS5cm, find the first twelve lowest-order modes and their resonant

frequencies.

n

c m P 2 10 m., n., P2
Sol.) f,=— 4 4 =1.5x10 ~\/— +(5) + (=
(Sol.) /. 2\/(0.08) (0.06) (0.05) (8) (6) (5)
™,,, = f. =3.125GHz, TE,, = f, =3.54GHz,
TE,,,,IM ,,, = f, =4.33GHz, ......

w
Quality Factor of Rectangular Cavity Resonators: sz?, W=W+Wy

L
O=2nx(Time-average energy stored at a resonant frequency)/(Energy dissipated in
one period)
Consider TE ¢ mode:
w, =22 |k \%:Mmf [ j“sinz(ﬁx)sinz(fz)dxdydz:Mﬁz(ﬁ)b(i)
R 4hta® TN do a d 47° 2272
— ool bl

— Ho _ luO T T T 3 T
" _II x +‘H ‘ ydv= sz _[ I {h4 e s1n2(g x) COSZ(E Z)+cosz(; x) smz(g 2)}dxdydz
=L H (ﬁ()(ﬁ(»—fwﬂf+mf
4 16
2 Ty2 (T2 1 1 1
where h'=(—)" + (=) and the resonant frequency: (f,);; =——-.— +—2
a d 101 2 ',UOEO d

2
At resonance, W=2W =2 W = /‘;o Hgabd(% +1)

Power loss per unit area: P,,=

LiyPr = 1|H|2Rs
2 2

P, =§P,ds=R, {[01’ [, =0 dxdy+ [ [, =0 dydz+ [ [t [ dvdz+ [ [ ||} dxdz}

Rf {—(— —)+ d(— _)}:Qmm= %o;ﬂoafd(a +d2) :
¢4z R,[26(a* +d°) +ad(a’ +d°)]

Similarly, the expression for the QO of an air-filled axbxd rectangular resonator for the

7(f ), poabd(a’® +b*)

TMHO mode is (Q)TMIIO - R [2d(a3 +d3)+ab(a2 +b2)] '




Eg. An air-filled rectangular cavity with brass walls 6=1.57x10’(S/m) has the
following dimensions: a=4cm, b=3cm, and d=5cm. (a) Determine the dominant
mode and its resonant frequency for this cavity. (b) Find the Q and the
time-average stored electric and magnetic energies at the resonant frequency,

assuming H, to be 0.14/m.

(Sol.) (a) f. = \/ 004 003) 92 , dominant mode: TEo1, (f,)z, =4.8GHz

T abd(a® +d* T
U foabd(@ +d) o 2 b

(b) (Q)TEw] = Rs[zb(a3 +b°)+ad(a® +d*)] s o

c

At the resonant frequency, W, =W = %,uchbd(f, );Elm H; =7.73x10"%(J)

Eg. For an air-filled rectangular copper cavity resonator, determine how much b
should be increased in order to make Q 20% higher.

Soly L o12= 22y 144,
o b,

Eg. (a) What should be the size of a hollow cubic cavity made of copper in order
for it to have a dominant resonant frequency of 10GHz? (b) Find the Q at that

frequency.

(Sol.) (a) For a cubic cavity, a=b=d, TM 119, TEo11, and TE o, are degenerate dominant
8 8

modes. f,, = 3x10 =10"(Hz), a= EEL =2.12x107m.

\2a
Hioted _ a
() O :%:g\j@{lmﬂoa

s

\/EXIOIO

For copper,o = 5.80x107(S/m), O, =(Z'lexl0‘2)\/7r1010(47r10‘7)(5.80><107) =10700

6-6 Circular Cavity Resonators

For an air-filled circular cylindrical cavity resonator of
i,

radius a and length d. The resonant frequencies are

| e (), = [+ (ZD) | Where Jin(Xinn)=0
pe TR " omfus\ a d

{ﬁ l 1

oA (e, = 2rfe

(—= ’"”) (—) where J’ (X ' 1mn )=0



In case of 2d>2a>d, the dominant mode of the circular cylindrical cavity is TMo

mode:
E. =CyJy(hr) = Cod, (2202 405”’ 1, =1 gy = L0 g 295,
0 0
Quality factor of the TM oo mode: Oy, = a;_W
L
2 2.405

E

z

wo=ow, =50
2

:i{zrpr 2
0
R C?

_ R, G {2 j J (2 405 r)dr + (ad)J; (2.405)} =——"(a+d)J}(2.405)
77 0

dv =550 () [ r)rdr =(;zgod)c§[§Jf(2.405)]

? }: R, {zjo || rdr + (ad)|H ,(r = a)‘z}

2.405 2405  0.115
aar S, = =
R, 2(1+a/d) 2ma\ e, @

= O,y = ( x10” Hz

Eg. A hollow circular cylindrical cavity resonator is to be constructed of copper
such that its length d equals its diameter 2a4. (a) Determine a and d for a resonant
frequency of 10GH7 at the TM;p mode. (b) Find the Q of the cavity at resonance.

(Sol.) (a) (]”r)TMmO:w 10° =10x10°, a=1.15x10"m, d=2a=2.30cm.
a

[0 —/
iy :\/;rxm X0 L i@, 01207 , 2405\ se0

(b) R = -
o 5.80x107 2.61x10727 2(1+1/2)

Eg. In some microwave applications, ring-shaped cavity resonators with a very
narrow center part are used. A cross section of such a resonator is shown in the
figure, in which d is very small in comparison with the resonant wavelength.
Assuming that this the narrow center part and the inductance of the rest of the
structure, find (a) the approximate resonant frequency. (b) the approximate

resonant wavelength.

(Sol.) C:‘gﬁaz, L=”_h1n(2) |
2r  a I : i

@ f=—— (b) 4 =— h -am
27 LC firlue | 1 i




6-7 Excitations of Waveguides

[

{a) Antenna in end of circular guide for excitativn of TM,, wave. (b) Anteana in

bottum-nl'mcl.lngulxr guide for excitation of the TE,q wave. (c) Loop in end of rectangular guide |

for excitation of TE,, wave. {d) Junction between circular guide (TMg, wave) and rectangular
puide (TE, wave); large-ap pling. (e) Coaxial li pling to mi ip Excitation
of the TE;, wave in rectangular guide by two oppositely phased antennas, ¥

6-8 Directional couplers
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